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Abstract 

Let K he a. field of cliaracteristic zero. For a torsion-free finitely generated nilpotent 
group G, we naturally associate four finite dimensional nilpotent Lie algebras over K, 
Ck{G), gT'Ad'-^\CK{G)), grad'f)(exp/:K(G)) and Lk{G). Let Tc be a torsion-free va- 
riety of nilpotent groups of class at most c. For a positive integer n, with n > 2, let 
Fn{1c) be the relatively free group of rank n in 1c- We prove that CK{Fn{1c)) is rela- 
tively free in some variety of nilpotent Lie algebras, and £x(-Fn(Tc)) = (i^„(Tc)) = 
gTadS^\CK{Fn{1c))) — gi'ad^®^(exp£jf (i^„(Tc))) as Lie algebras in a natural way. Fur- 
thermore Fn{1c) is a Magnus nilpotent group. Let Gi and G2 be torsion- free finitely 
generated nilpotent groups which are quasi-isometric. We prove that if Gi and G2 are 
relatively free of finite rank, then they are isomorphic. Let i be a relatively free nilpotent 
Lie algebra over Q of finite rank freely generated by a set X. Give on L the structure 
of a group R, say, by means of the Baker-Campbell-Hausdorff formula, and let H be the 
subgroup of R generated by the set X. We show that H is relatively free in some variety 
of nilpotent groups; freely generated by the set X, H is Magnus and L = Cq{H) = Lq{H) 
as Lie algebras. We extend the isomorphism between Ck and Lj^ to relatively free residu- 
ally torsion-free nilpotent groups. We also give an example of a finitely generated Magnus 
nilpotent group G, not relatively free, such that £q(G) is not isomorphic to Lq{G) as Lie 
algebras. 

'Keywords and phrases: Varieties of groups, relatively free groups, varieties of Lie algebras, relatively free 
Lie algebras, Baker-Campbell-Hausdorff formula, Mal'cev completion, quasi-isometry. 
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1 Introduction and Notation 

Let TL and Q denote the ring of integers and the field of rational numbers, respectively. 
Furthermore we write N for the set of positive integers. For a group G and i G N, we write 
")i{G) for the i-th term of the lower central series of G. Moreover we denote G' = 72 (G) i.e. the 
commutator subgroup of G. For elements a, b of G, we write (a, b) = a^^b^^ab, and for c > 3, 
and elements oi, . . . , Oc of G, we define the left-normed group commutator (oi, . . . , Oc-i, Oc) = 
((oi, . . . ,ac-i);«c)- We call a group G, a Magnus group if each 7j(G)/7j+i(G) is torsion-free 
and nj>i7i(G) = {1}. For n € N, with n > 2, let F„ be a free group of rank n freely generated 
by the set {/i, . . . , /„}. For a variety of groups 0, let C5(F„) denote the verbal subgroup of 
Fn corresponding to 6. Also, let = Fn/&{Fn): thus Fn{&) is a relatively free group of 

rank n in and it has a free generating set {xi, . . . , where Xi = /j(J5(F„), i = 1, . . . , re. 
Note that the verbal subgroups of Fn are precisely the fully invariant subgroups of Fn (that 
is, the subgroups of F„ which are invariant under all group endomorphisms of Fn). The same 
property holds for verbal subgroups and fully invariant subgroups of relatively free groups. 
(For further information concerning relatively free groups and varieties of groups see [16j.) 
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Let be the variety of nilpotent groups of class at most c, and let Tc be a torsion-free 
subvariety of class at most c of 9Tc (that is, its free groups of arbitrary rank are torsion- free) . 

Let K he a field of characteristic zero. We identify the prime subfield of K with 
Q. By "Lie algebra "(resp. "Lie ring ") we mean a Lie algebra over K (resp. over Z). For 
n G N, with n > 2, let Ln denote a free Lie algebra of rank n freely generated by the set 
{li, . . . ,in}- Let 53 be a variety of Lie algebras and let *B(L„) be the fully invariant ideal 
of Ln corresponding to *B. Write = Ln/^{Ln)'- thus Ln{^) is a relatively free Lie 

algebra of rank n in 53 and it has a free generating set {oJi, . . . ,uJn}, where uJi = £i + *B(L„), 
i = 1, ... ,71. As for groups the fully invariant ideals of -L„ are precisely the verbal ideals 
of Ln- The same property holds for fully invariant ideals and verbal ideals of relatively free 
Lie algebras. (For further information concerning relatively free Lie algebras and varieties 
of Lie algebras see |T, Corollary 2.5, Chapter 14].) For c € N, with c > 2, we write dJlc for 
the variety of all Lie algebras defined by the identity [£i, . . . ,£c+i] = 0: the variety of all Lie 
algebras which are nilpotent of class at most c. Any variety of Lie algebras is assumed to be 
non-trivial. We write var(X) for the variety generated by a set or a class X of Lie algebras. 
(We use similar definition as for groups [HI page 18].) 

Let Ln be the completion of Ln with respect to the lower central series of L„. 
(Recall that Ln is identified with the complete (unrestricted) direct sum (Bm>iL^, and it 
has a natural Lie algebra structure. Furthermore, L„ is naturally contained in L„.) At this 
point, we state the Baker-Campbell-Hausdorff formula (or briefly, BCH) (see jlO^ page 178], 
[m Chapter 5, Theorem 5.19], [3, Chapter 8]). It is 

XoY = X + Y + ^[X,Y] + ^[X,Y,Y]-^[X,Y,X] + --- , 

where each term on the right-hand side is a rational multiple of a Lie commutator [Zi, . . . , Zm], 
m € N, and each Zi is X or y and only finitely many terms of each length occur. Note that 
the right-hand side of the aforementioned formula is an infinite sum. The formula states that 
XoY belongs to the completion of the free Lie algebra freely generated by the set {X, y} 
with respect to its lower central series. 

The BCH formula defines an associative operation in L„. For x,y E -L„ the 
operation x o y is defined by 

xoy = x + y + ^[x,y] + ^[x,y,x] - ^[x,y,y] + ■■■ 
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(see, for example, [151 Chapter 5, page 369]). (We remark that if L is a Lie algebra and the 
right-hand side of the BCH formula has a meaning for all x, y in L, then L becomes a group 
with respect to o.) It is easily verified that, for x,y € Ln, 

{x,y) = [x,y] + ^[x,y,x] + ^[x,y,y] H . 

Let L be a relatively free Lie algebra of rank n, with n > 2, freely generated by the set 
{ti, . . . ,tn}, and let L be the completion of L with respect to the lower central series. Write 
vr* for the natural epimorphism from L„ onto L. Then vr* preserves multiplication o and 
hence is a group homomorphism from (L^, o) into (L, o). Thus, for i,j G {1, . . . , n}, we have 

■Kliholj) = tiotj = U + tj + ^[ti,tj] + -^[U,tj,ti] - -^[ti,tj,tj] H . 

Notice that if L is nilpotent, then L = L. 

In section 2, for a torsion-free finitely generated nilpotent group G, we natu- 
rally associate four finitely generated nilpotent Lie algebras, namely, Ck{G), grad*-^''(jCx(G)), 
grad^^^(exp Ck{G)) and Lx{G). One of our main aims, in this paper, is to prove the following 
theorem. 

Theorem A (I). Let Tc be a torsion-free variety of nilpotent groups of class at most c. For 
a positive integer n, with n > 2, let F„(Tc) be the relatively free group of rank n in 
Tc. Then the Lie algebra CxiFni^c)) is relatively free in some variety of nilpotent Lie 
algebras, and CxiFni'^c)) — LxiFni^c)) o,s Lie algebras in a natural way. Moreover, 
F„(Tc) is a Magnus nilpotent group. 

(II). Let L be a relatively free nilpotent Lie algebra over Q of finite rank with a free generating 
set X . Give on L the structure of a group R by means of the Baker- Campbell-Hausdorff 
formula. Let H be the subgroup of R generated by the set X. Then H is relatively free 
in some variety of nilpotent groups; freely generated by the set X , H is Magnus and 
L = Cq{II) = Liq{II) as Lie algebras in a natural way. 

In [12], Kofinas and Papistas develop a method, by making use of Theorem A 
(II) , in order to study the automorphism group of a relatively free nilpotent Lie algebra over 
Q of finite rank. 
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Corollary 1.1 Let G he a torsion-free finitely generated nilpotent group and K a field of 
characteristic zero. Then 

(I). gradW(/:;^(G)) ^ grad(f)(exp £i^(G)) = Lk{G) as Lie algebras. 
(II). If G is relatively free, then 

Ck{G) ^ gTS.d^'\CK{G)) 

as Lie algebras. 

Now let {Xi,di) and {X2,d2) be metric spaces. A map / : Xi X2 is called 
{\, e)-quasi-isometry if there exist constants A > 1, e > and C > such that 

(I). 

jdi{x,y) - £< d2{f{x)J{y)) < Xdi{x,y)+e 

for all X, y € Xi; 

(II). every point of X2 lies in the C-neighbourhood of the image of /. 

Notice that the above map / need not be continuous. Every finitely generated group G with 
generating set S can be turned into a metric space with the word metric in G. If F{S) is 
the free group with generating set S and (p ■ ^"{3) G is the natural projection, then the 
word metric in G is the metric obtained by defining ds{gi,g2) to be the shortest word in the 
pre-image of 5f ^52 under (p. For more on quasi-isometries the reader could consult [5j. The 
metric space {G, ds) does not depend on the choice of S. In fact if S' is a different generating 
set for G then {G,ds) and {G,ds') are quasi-isometric. 

Corollary 1.2 Let Gi and G2 be torsion-free finitely generated nilpotent groups which are 
quasi-isometric. If Gi and G2 are relatively free of finite rank, then they are isomorphic. 

Obviously, Corollary 11.21 implies that the simply connected nilpotent Lie groups Li and L2 
given by the Mal'cev completion of Gi and G2 respectively, are isomorphic. It is a well know 
conjecture whether the same result is true if we drop the relative freeness assumption (see 

mm- 

Throughout this paper, we write £ for a residually torsion-free nilpotent variety 
of groups (that is, a variety with its free groups of arbitrary rank to be residually torsion-free 
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nilpotent groups). Recall that a group G is called residually torsion-free nilpotent if for any 
g G G \ {1} there exists a normal subgroup Ng such that g ^ Ng and G/Ng is a torsion- free 
nilpotent group. For a positive integer n, with n > 2, we write G„ = In section 3.3, 

for G„, we naturally associate two finitely generated Lie algebras, CxiGn) and LxiGn)- The 
following result extends Theorem A to residually torsion-free nilpotent groups. 

Theorem B (I). Let £ be a residually torsion-free nilpotent variety of groups. For a positive 
integer n, with n > 2, let Gn he a relatively free group of rank n in £. Then the Lie 
algebra CxiGn) is relatively free, and CxiGn) — LxiGn) as Lie algebras in a natural 
way. 

(II). Let L he a relatively free Lie algebra over Q of rank n, with n > 2, freely generated by 
the set X . Let L be the completion of L with respect to the lower central series. Give on 
L the structure of a group R via the Baker-Campbell-Hausdorff formula, and consider 
L as a Lie subalgebra of L. Let H be the subgroup of R generated by the set X. Then 
H is a relatively free residually torsion-free nilpotent group of rank n freely generated 
by the set X . A Lie algebra Aq{II) over Q, associated with H, is constructed such that 
L = Aq{H) as Lie algebras in a natural way. Furthermore, Aq(H) is a homomorphic 
image of Cq[H). 

Notice that there is some overlap of Theorem B with some results in [3] . Namely, 
the Lie algebra LxiGn) is proved to be relatively free [3l Theorem 10, page 278], and H 
to be a relatively free residually torsion-free nilpotent group of rank n jSj Theorem 8, pages 
276-277. See, also. Comments on pages 296-297]. 

The paper is organized as follows: In section 2, for any torsion- free finitely gen- 
erated nilpotent group G, four finitely generated nilpotent Lie algebras are naturally defined, 
and for a finitely generated nilpotent Lie algebra, we naturally associate a torsion-free finitely 
generated nilpotent group by means of the Baker-Campbell-Hausdorff formula. Some aux- 
iliary lemmas are proved in section 3. Moreover, relatively free groups and relatively Lie 
algebras are studied. In section 4, we prove Theorems A and B, and Corollaries 1.1 and 1.2. 
An example of a finitely generated Magnus nilpotent group G, not relatively free, such that 
Cq{G) % Lq{G) is given in section 5. 
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2 Nilpotent groups and Lie algebras 

Let if be a nilpotent group and denote by t{H) the set of all elements of finite order in H. 
Then t(H) is a subgroup of H, it is characteristic in H, and H/t{H) is torsion- free. For a 
group N and a positive integer i, let tTj be the natural mapping from N onto N/^i{N). Since 
N/ji{N) is nilpotent, T{N/ji{N)) is a group. Write Ti{N) for the complete inverse image of 
T{N/'yi{N)) in N via vTj i.e. Ti{N) = {g e N : g" e 'jiiN) for some integer n}. We call Ti{N) 
the isolator ji{N) in iV. Note that ri(iV)/7i(iV) = T{N/'yi{N)) for ah i. 

Let £ be a residually torsion-free nilpotent variety of groups. For a positive 
integer n, with n > 2, we write G„ = The condition of being residually torsion- free 

nilpotent is equivalent to ni>irj(G„) = {1}. Since each Ti{Gn) is a fully invariant subgroup of 
Gn, it is easily verified that there are no repetitions of terms of the series {Tj(G„)}i>i. Notice 
that {Ti{Gn),Tj{Gn)) < Ti^j{G) for all For each positive integer i, we write Li{Gn) 
for the quotient group Ti{Gn) / Ti+i{Gn) ■ Form the (restricted) direct sum of abelian groups 
L{Gn) = ®i>iLi{Gn) and give on it a structure of a Lie ring by defining a Lie multiplication 
[ari+i(G„),6rj+i(G„)] = (a, 6)Ti+j+i(G„), where arj+i(G„) and 5r,+i(G„) are the images 
of the elements a G Ti{Gn) and h S Tj{Gn) in the quotient groups Li{Gn) and Lj{Gn), 
respectively, and (a, ?*)Ti+j+i(Gn) is the image of the group commutator (a, b) in the quotient 
group Li+j{Gn)- Multiplication is then extended to L{Gn) by linearity. Form the tensor 
product of K with L{Gn) over Z and write LxlGn) = K (d% L{Gn). Then LxiGn) has the 
structure of a Lie algebra with A(A' (8) a) = AA' (g) a and [A a, A' (g) a'] = AA' (>5 [a, a'] for 
all X,X'(zK and a, a' G L[Gn)- Since each Li[Gn) is a free Z-module with a basis, say Xj, 
every element of K ®iLi{Gn) may be written uniquely as a if- linear combination of elements 
1 ® X with X E Xj. We write Lj^i^(G„) for the vector space over K spanned by any Z-basis of 
Li{Gn)- Thus we may regard Li{Gn) as a subset of Li^K{Gn) and so, we regard L{Gn) as a 
subset of LxiGn)- Furthermore LxiGn) = ®i>iLi,K{Gn)- 

For the rest of this section, G denotes a torsion-free finitely generated nilpotent 
group of class c. The series 

G = n{G) D T2(G) D • • • D r,(G) D T,+i(G) = {1} (1) 

is a characteristic central series of G with Ti{G) / Tij^i[G) torsion- free for all i, 1 < i < c 
(see [181 page 49]). Form the direct sum of abelian groups L{G) = (Bt=iTt(G) / Tt+i{G) and 
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let Lk{G) = (Bt=i{K (g) Tt{G) / Tt+i{G)) ■ As before, we give on Lk{G) the structure of a 
Lie algebra. Let rii denote the rank of the free abelian group Li[G). For i = 1, . . . ,c, let 
f{i) = ni + ■ ■ ■ + with no = and rii = n. Let Xi = {aj(j)+i, . . . , aj(j+i)} be a subset of 
Tj(G) such that the set {0^(4)4.1 rj+i(G), . . . , aj(-j4i)Tj_|_i(G)} is a Z-basis of We refine 

the series (1) of G to obtain a central series 

G = ^1 D • • • D D • • • D ^/(i+i) D • • • D ^/(c+l) =5 ^/(c+l)+l = {1}, (2) 

with i = 1, . . . , c, such that is a representative in G of a generating element of Qf{i)+j 

modulo with j = 1, . . . , nj. (The length /(c+1) is an invariant for G. It is called the 

Hirsch number of G; denoted by 7i{G).) Following [11], we call the aforementioned central 
series of G, a Q-series of G. (In [llj it is called .7^-series.) Thus every element g of G may be 
written uniquely in the form 

y ~ "i • ■ ■ ■ ■ ■ "/(i+i) ■ ■ ■ "'/{c)+i ■ ■ ■ "/(c+i) ' 

where Pj € Z. In what follows we assume that the aforementioned series (2) and the elements 
oi, . . . , aj(-c_|_i') in (3) have been selected. The set {ai, . . . ,af(^(.+i)} is called a canonical basis 
(or, Mal'cev basis) of G. 

Let r = KG be the group algebra of G over K, and let A be the augmentation 
ideal of F. It has been proved in |1H Theorem 4.3] that nj>iA' = {0}. Take the set 
{A*}j>i as a fundamental system of neighbourhoods of the element in F; then a sequence 
bi,b2, ■ ■ ■ ,bn, ■ ■ ■ of elements of F converges to 5 G F if, for every i, there exists an integer n{i) 
such that n > n{i) implies that bn — b & A*. So {A*} induce a topology on F and let F* be 
the completion of F in this topology, and A* be the completion of A. We may consider F* to 
be the algebra of all formal power series a* of the form a* = ao + Yl Oik^k, where oq, ctk G K, 
k = 1, 2, . . ., and dk € A'^', while A* consists of all elements a* with oq = 0. We identify F 
with its isomorphic image in F*. Define exp : A* — > 1 + A* and log : 1 + A* — > A* as in 

We associate with A* the Lie algebra A* = (A*) l in the usual way by defining the 
binary operation of commutation in A* by means of [x*, y*] = x*y* — y*x* for all x* ,y* G A*. 
For a positive integer c, with c > 3, we define the left normed Lie product . . . , y*_i,y*] = 
[[yl, . . . , Vc^i], y*]- It is proved in [llj that ni>i(A*)' = {0}. Furthermore it is easily verified 
that if 0* is an ideal of A*, and M* = then M* is an ideal of the Lie algebra A*. Thus 



we have A* = (A*)^, D ^ ' ' ' ■ For a positive integer i, let 7t(A*) denote the i-th. term 

of the lower central series of A*. Then, for all i, 7i(A*) C (A*)^. Therefore nj>i7i(A*) = {0} 
and we obtain A* = 71 (A*) D 72(A*) D ■■■ D 7i(A*) D • • • . If Vk G 7fc(A*) for A; = 1, 2, . . ., 
then the infinite series vi + V2 + ■ ■ ■ + Vk + ■ ■ ■ is an element of A* (see [XT', Lemma 6.1]). 

The BCH formula reveals the intimate connection between the group 1 + A* and 
the Lie algebra A*. For X = 1 + x* and y = 1 + y* G 1 + A*, 

log XY = log X + log y + i [log X, log y] + ^ [log X, log y, log y] - • • • 

where each term on the right-hand side is a rational multiple of a Lie commutator [Zi, . . . , Zm], 
m S N, and each Zi is logX or logy and only finitely many terms of each length occur. 
Note that the right-hand side of the aforementioned formula is an infinite sum and therefore 
convergent. Since log and exp are mutually inverse bijections, we define an operation on 
A* = (A*)i as follows: Let u, w G A*. Then there exists unique X and y in 1 -|- A* such that 
logX = u and log Y = v. Define 

uoq V = log X oq log y 
= logxy 

= u + V + ^[u,v] + j^[u,v,v] - ■ ■ ■ . 
Notice that (A*,oq) is a group. We write o instead of oq if it is clear in the context. Let 
Ck{G) be the vector space over K spanned by all \ogg with g & G. Then Ck{G) is a nilpotent 
Lie subalgebra of class c of A*, and the set {log ai, . . . , log aj(c+i)} is a K-basis of Ck{G) (see 
dH Theorem 7.3]). Thus dimCKiG) = H{G). Notice that Ck{G) = K (g)QCQ{G). Observe 
that expCxiG) is a subgroup of 1 -|- A* and (exp u) (exp u) = exp{uov) for all u,v £ Ck{G). 
Furthermore {Ck{G), o) is a subgroup of (A*, o). It is easily verified that Ck{G) is isomorphic 
as group to exp>Ci^(G) by a mapping sending u to expn for all u G Ck{G). Form the direct 
sum of the vector spaces over K 

gradW(/:i,(G)) = ®UMCK{G))ht+i{CK{G)). 

The Lie multiplication in Ck{G) induces a Lie algebra structure on grad*-^-'(£x(G)). Namely, 
for all i, j, 

[u + ^,+i{Ck{G)),v + ^j+i{Ck{G))] = [uM+l^+j+l{^^K{G)), 

where u G 'yi^CxiG)), v G ^j{CK{G)) and [u,v\ G ^i+j{CK{G)). Multiplication is then 
extended to grad*-^''(jCx(G')) by linearity. 
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Let G be a torsion-free finitely generated nilpotent group. A Mal'cev completion 
of G is a torsion-free radicable nilpotent group R containing G and such that for all a R, 
there exists r € N such that G G. (A group G is said to be radicable if for every x in G and 
an arbitrary natural number m, there exists y in G such that y*" = x. If G is a torsion-free 
nilpotent group, x,y G G, and x™" = y™" for some m G N, then x = y (see \13\ page 247].) 
If G is a subgroup of a torsion-free radicable nilpotent group S, then S contains a Mal'cev 
completion of G. Any two Mal'cev completions of G are isomorphic by an isomorphism which 
fixes G pointwise (that is, R is unique up to isomorphism). We note that exp£(Q)(G) is a 
Mal'cev completion of G (see [il [T8]). 

Let L be a finitely generated nilpotent Lie algebra over Q and let L' denote the 
derived algebra of L. Let n = diuiL/L' , and let hi, . . . ,hn be elements of L such that the 
set {hi + L', . . . ,hn + L'} is a Q-basis of L/L'. We assert that L is generated by the set 
{hi, . . . , hn} as Lie algebra. Indeed, let {yi, . . . , ym} be a generating set of L and m be the 
smallest number of generators. It is easily shown that m = n. Thus {yi + L' , . . . ,yn + L'} is 
a Q-basis of L/L' . Let A be the Lie subalgebra of L generated by the set {hi, . . . , To 
show that A = L it is enough to prove that L A. For j = 1, . . . ,n, 

n 

yj = ^aijhi + Vj, 

i=l 

where Oij G Q, Vj G L'. Since L is nilpotent, we can finally express each Lie commutator 
[yj^ , . . . , yi^], K G N, as a Q-linear combination of Lie commutators [hj-^^, . . . ,hj^], ^ G Q. 
Therefore L ^ A and so, L = A. Hence L is generated by the set {hi, . . . ,hn}. We give 
on L, by means of BCH formula, the structure of a group, denoted by R. It is well known 
that R is a, torsion-free radicable nilpotent group. Let H be the subgroup of R generated by 
the set {hi, . . . ,hn}- Then i? is a Mal'cev completion of H, and H' = T2{H) (see [Gj Proof 
of Theorem B, page 457]). Since both exp Cq{H) and R are Mal'cev completions of H, we 
obtain R = exp Cq{H) as groups (see, for example, [T8, Chapter 6, Corollary 4]) and so, by 
the Mal'cev correspondence, L = Cq{H) as Lie algebras by an isomorphism sending hi to 
log hi, with i = 1, . . . ,n. We state the above observations as lemma. 

Lemma 2.1 Let L be a finitely generated nilpotent Lie algebra over Q, and let hi, . . . ,hn be 
elements of L such that the set {hi+L', . . . , hn+L'} is a Q-basis of L/L' . Then L is generated 
by the set {hi, . . . ,hn}. Consider L as a group by means of the Baker- Campbell-Hausdorff 
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formula, denoted by R. Let H he the subgroup of R generated by the set {hi, . . . , /i„}. Then 
R is a Mal'cev completion of H , H is torsion-free finitely generated nilpotent group of class 
c, H' = T2{H), and L = Cq{H) as Lie algebras. □ 

3 Groups and Lie algebras 
3.1 Some auxiliary Lemmas 

Throughout this section we shall give some auxiliary results helping us to prove our main 
results. Let L be a Lie algebra. For a positive integer i, let jiiL) be the i-th term of the lower 
central series of L. Write L' = 72 (-^^). The following result is well-known (and it is easily 
proved) . 

Lemma 3.1 Let G be a torsion-free finitely generated nilpotent group. Then 
li{G)Ti+i{G) / Ti+i{G) has finite index in Ti{G)/Ti^i(G). □ 

For a proof of the following result, we refer the reader to [9l Chapter VIII, Lemma 
9.4, page 330]. 

Lemma 3.2 Suppose that G is a group and that L is a Lie ring. Suppose that for i > 1, 
Gi is a homomorphism of ^i{G)/^i+i{G) onto an additive subgroup Li of L such that L = 
Li + L2 + • • • . Suppose further that if x € 7i(G), y € 7j(G), 

[ai{x-fi+i{G)),aj{y-fj+i{G))] = ai+j{{x,y)ji+j+i{G)), 

where {x,y) = x^^y~^xy. 

i) If G is generated by a set X, L is the Lie ring generated by the set 

Y = {ai{xj2{G)) : x e X}. 

ii) For r = 1,2, . . ., ^r{L) = Lr + L^+i + • ■ ■ ; md ^r{L) /^t+i{L) is isomorphic 

to Lr/{Lr n 7r.+i(L)). □ 

Let G be a torsion- free finitely generated nilpotent group of class c. Let ai, . . . , 
be elements of G such that {aiT2{G) , . . . , a„T2(G)} is a Z-basis of G/t2{G). Since 
{G/G')/{t2{G)/G') is naturally isomorphic to G/t2{G), and G/t2{G) is a free Z-module 
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of rank n, there are elements vi,...,Vn S 'T2{G) such that the set {aif iG', . . . , a„f„G'} 
is a part of a generating set of G/G'. Let i/n+i, ■ ■ ■ ,ym be elements of T2{G) subject to 
{aiViC, ... , UnVnG', Vn+iG', ... , UmG'} is a generating set of G/G'. Set Y = {aivi, ... , UnVn, 
}. Since G/G' is finitely generated, we obtain 7j(G)/7j+i(G) is finitely generated 
for all i. In fact, the set of all group commutators of the form (ui, . . . ,Ui), with ui, . . . ,Ui € 
Y, modulo 7j+i(G), generates 7i(G)/7j+i(G). It is easily verified that (zi, . . . , G 
Ti{G), with z > 2, if some Zj € {Vn+i, ■ ■ ■ ,ym} with j = 1, ... ,i — 1. Thus the set Zi = 
{{zi, . . . ,Zi)Ti+i{G) : zi,...,Zi G {ai,...,a„}} generates 7i(G)ri+i(G)/ri+i(G). Write 
L(^)(G) = ei<i<c^r^(G), with Lf\G) = 7i(G)ri+i(G)/ri+i(G). It is easily checked that 
is a Lie subring of L{G). For each positive integer i, let vTj be the natural mapping 
from 7j(G)/7j+i(G) onto L- (G). Since, for x E 7j(G) and y € ^j{G), 

[7ri(a;7i+i(G)),7rj(y7j+i(G))] = 7ri+j((x, y)7i+j+i(G)), 

we obtain from Lemma 13.21 that L^^\G) is the Lie ring generated by the set {air2(G), . . . , 
0'n'T2{G)}. Since (G) is free abelian, we obtain K (G) is a finite-dimensional vector 

space over K. Since the set of all elements of the form 1 (8) z, with z S Zj, spans K L^f^ (G), 
we get there exists a subset Xi of Zi such that the set of all elements of the form 1 x, with 
X G Xj, is a if-basis of K ®L- (G). Since L- (G) has finite index in rj(G)/rj+i(G) (Lemma 
13. ip . and Ti(G)/Tj+i(G) is free abelian, we obtain if (X) (G) = Lj^i^(G). Hence it is easy 
to verify the following result. 

Lemma 3.3 Let G he a torsion-free finitely generated nilpotent group, and let oi, . . . ,a„ be 
elements of G such that {aiT2(G), . . . , a„r2(G)} is a Z-basis of G / T2{G) . Then {aiT2{G), . . . , 
0'nT2{G)} is a generating set of Lk{G), and {(aiT2(G)) + Lk{G)' , . . . , {anT2{G)) + Lk{G)'} 
is a K-basis for Lk{G)/Lk{G)' . □ 

The following result gives a generating set of Ck{G) as Lie algebra with respect 
to a given Z-basis of G/t2(G). 

Lemma 3.4 Let G be a torsion-free finitely generated nilpotent group, and let ai, . . . ,an be 
elements of G such that {aiT2(G), . . . , anT2(G)} is a Z-basis of G/t2{G). Then {logai,..., 
loga„} generates Ck{G) as Lie algebra. 
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Proof. Let ai,...,a„ be elements of G such that {aiT2{G) , . . . , anT2{G)} is a Z-basis of 
G/t2{G). Choose a canonical basis {ai, . . . , On, • • • , aj(c4.i)} of G where c is the nilpotency 
class of G. Let ^ be the Lie subalgebra of Ck{G) generated by the set {logai, . . . ,loga„}. 
We claim that A = Ck{G). It is enough to show that Ck{G) C A. In fact it is enough to show 
that log (7 G A for all g G G. Since ^ is a Lie algebra and {log oi, . . . , log 0^(^+1) }i is a ET-basis 
of Ck{G) (as vector space), it is enough to show that log 5 G A for all g G {ai, . . . , 0^(^+1)}. 
Let Vn+i, ■■■ymi>e elements of T2{G) subject to {aiViG' , ... , a„w„G', y„+iG', . . . , VmG'}, with 
vi,...,Vn G r2(G), is a generating set for G/G'. The set {(zi, . . . , Zj)rj+i(G) : zi,...,Zi G 
{ai,...,an}} generates 7i(G)rj+i(G)/ri+i(G). Since 7i(G)Ti+i(G)/ri+i(G) has finite index 
in rj(G)/rj+i(G) (by Lemma [3.ip . we obtain oJ^^i-^^j = gijUi+ij for some G Z, is 
a product of group commutators of the form [zi, . . . , Zi) and zi, . . . , Zi G {ai, . . . , a^}, and 
Uj+ij G rj+i(G) j = 1, . . . , nj. For i = c, we have 

for j = 1, . . . , By the BCH formula, we have log (7 G A for all g G 7c(G). Applying the BCH 
formula on (4) and since log gcj G .4, we obtain log a •••) log 0^(^+1) ^ -^i and hence 
logg G ^for all (7 G T(.{G). Suppose that for all k, with i < k < c, logaj(K)_(_i, . . . ,logaj(£^;^) G 
^. Let h G Tk(G). Since G is nilpotent and nj>iTj(G) = {!}, we write h = g^gn+i ■ ■ ■ gc with 
gj G Tj(G) \ rj_|_i(G) and j = k, . . . , c. Note that 

^ _ „f^fM+i 

~ ■ ■ ■ /(k+I) ■ ■ ■ /(c)+l ' ■ ■ /(c+1) ■ ^"^f 

Applying the BCH formula on (5), our hypothesis and since ^ is a Lie algebra, we have 
log/i G A for all h G T;^{G). In particular, for k = i + 1, 

log/iG^ for all /i G ri+i(G). (6) 

For zi, . . . , G {ai, . . . , a„}, the BCH formula gives 

log(zi, ...,Zi) = [log zi, . . . , log Zi] + ^ r^d^ (7) 

where each is a repeated Lie commutator of length at least z + 1 in the arguments 
log zi, . . . , log Zj each of which appears at least once; and the coefficients G Q (see jl81 
Corollary 2, page 102]. The arguments given in the proof of Corollary 2 can be adopted here.) 
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Once more, applying the BCH formula on a product of group commutators of length i, using 
the equation (7) and the fact that ^ is a Lie algebra generated by the set {log ai, . . . , log an}, 
we obtain 

logill{zi,...,Zir)(^A, (8) 

finite 

where u eZ. But aJ^--^_^ - = gijU{i+i)j for some rriij S Z, gij is a product of group commutators 
of the form {zi,...,Zi), with zi,...,Zi G {ai,...,a„}, and G n+iiG) j = l,...,ni. 

Apply the BCH formula on Oyf^-^^j = 9ij'U{i+i)j- By the equations (7) and (8) and since ^ is a 
Lie algebra, we obtain logaj(j)^;^, . . . , log aj(j_|_;^) G A. Thus CxiG) C A and so Ck{G) = A. 
□ 

From the proof of Lemma [331 we obtain the following result. 

Corollary 3.1 Let G he a torsion-free finitely generated nilpotent group of class c, and let 
ai,...,o„ be elements of G such that {aiT2{G) , . . . , anT2{G)} is a Z-basis of G/t2{G). Let 
{ai,a2, ■ ■ ■ ,aj(c+i)} be a canonical basis of G. Then for j > f{t) + 1, with t > 2, logOj G 
jtiCKiG))- □ 

Lemma 3.5 Let G be a torsion-free finitely generated nilpotent group of class c. For a 
positive integer t, with 2 < t < c, let Tt{G) be the isolator of ")t{G) in G. Let vr^ be the 
natural mapping from G onto G/Tt{G). Then there exists a Lie algebra epimorphism 
from Ck{G) onto Ck{G /Tt{G)) such that, for all g £ G, ^7rt(log5) = logirtig). Furthermore 

keiCnt = CK{Tt{G)). 

Proof. For H G {G, G/Tt{G)}, we write Th = KH for the group algebra of H over K, and Ah 
for the augmentation ideal of Tff. Notice that H is a torsion- free finitely generated nilpotent 
group. Let F^ be the algebra of all formal power series a* of the form a* = oq + X^'^fc^fe' 
where ckq, Ofc G K, k = 1,2, ... , and dj. G A^. In addition, we write for the subalgebra 
of T*fj consisting of all elements a* with ao = 0. We associate with A^ the Lie algebra 
= {A}j)l. Let h e H. The natural mapping vr^ induces an algebra epimorphism tt^j^ 
from A^ onto A^^^^^.^^ such that ir'^ j^{log g) = logTTt{g) for all g £ G. It is easily checked 
that vTj^ induces a Lie algebra epimorphism from A^. onto A^^^^^^y Hence we obtain a Lie 
algebra epimorphism ^7rt from Ck{G) onto Ck{G /Tt{G)) such that ^7rt(log5) = \ogTTt{g) for 
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all g eG. But 

dimker^^j = dimCK{G) — dim CxiG/rt (G)) 

= n{G)-n{G/Tt{G)) 
= n{nm 

= dim£K{rt{G)). 

Let V G CK{Tt{G)). Then v = ki logi^i + • • • + /cs log Vs with vi, . . . ,Vs S Tt{G) and ki, . . . ,ks G 
if. Since Cvrtl^^) = fcilog'/rj(ui) + ••• + kslognt^Vg) = 0, we obtain v G ker^,rf Therefore 
C-K{Tt{G)) C ker^^j and so, ker^^^ = CKiniG)). □ 

The following result gives us information about the terms of the lower central 
series of Ck{G). 

Lemma 3.6 Let G he a torsion-free finitely generated nilpotent group of class c. Then 
jt{J~-K{G)) = Cxi'TtiG)) for all t, with t = 1, . . . , c. 

Proof. Since CxiTtiG)) has a i^-basis the set {log 0^(^)4.1, . . . , log 0^(^+1)}; and by Corollary 
13.11 it is enough to show that ^t{C-K{G)) C CxiTt{G)). By Lemma [331 ^^^^-Kt = J~-K{Tt{G)) 
and so, it is enough to show that ^t{i^K{G)) C ker,^^j. Let v G ^t{i^K{G)). By Lemma [331 ^ 
is written as a iC-linear combination of Lie commutators of the form [log a,,^ , . . . , log a^^] with 
t < K < c. The BCH formula gives 

[log Oil, . . . ,logai^] = log(aii, . • • jOj^) + X^SjlogUj, (9) 

i 

where each Vi is a left normed group commutator of length at least k + 1 in the arguments 
, . . . , Oi^ , each of which appears at least once; and the coefficients belong to Q. Applying ^,rt 
to the equation (9), we get [logOj^, . . . ,logaj^] G ker^^^ = CxiTtiG)). Therefore jti^KiG)) C 
ker^^j and so, jti^xiG)) = CxiniG)). □ 

The following result is probably well-known. 

Lemma 3.7 For any torsion-free finitely generated nilpotent group G of class c, grad^^^CxiG)) 
is isomorphic to Lx{G) as Lie algebras under the mapping cj) sending logaJ(^^•^_^_j+Ji^l{Cx{G)) 
to aj(i)+jri+i(G) for all i = 1,. . . ,c, j = I, . . . ,ni. 

Proof. By the proof of Lemma 13.61 the set {log aj(t)+i) • • • > log aj(c+i)} is a iiT-basis of 
jtiCxiG)) = Cx{Tt(G)). Notice that 

jt{Cx{G)) = span{loga/(j)+i, . . . ,logaf(^t+i)} ® lt+i(.Cx{G)). 
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Since 

^t{CK{G))ht+i{CK{G)) ?^K® Tt{G)/Tt+i{G) 

as vector spaces for t = 1, . . . , c, we obtain the mapping from grad^^^(£i^(G)) to Lk{G) 
sending loga/(j)+j + 7i+i(£if(G)) to a/(j)+jri+i(G) for all i = l,...,c, j = l,...,ni, is a 
ii'-linear isomorphism. By the BCH formula, we obtain 

(/)([loga/(j)+^ +7i+i(£i^(G)),loga/(j-)+^ + 7j+i(£i^(G))]) = 

(/)([loga/(j)+^,loga/(j)+^] +7i+j+i(£K(G))) = (/)(log(aj(i)+^, a/(j)+^) + 7i+j+i(£i^(G)). 
Write 

/ \ nil "^"i+j 

where mi, . . . , m^^^ E Z, v € TiJ^jj^i(G). Then, by BCH formula, 

<A([loga/(i)+^ + 7i+i(£/r(G)),loga/(j-)+^ + 7j+i(£ii-(G))]) = 
(/>(mi log a/(i+j)+i H h m„,_^. loga/(i+j+i) + -ii+j+i{CK{G))) = 

mia/(j+j)+iri+j+i(G) H h m„^_^j.aj(i+j+i)ri+j+i(G) = aj'^'.^^.j^^^ • • • a^^^^^^^^Ti+j+i{G) 

= {a'f{i)+f^,af(^j)+^)Ti+j+i{G) = [0(logaj(i)+^ + 7i+i(/:i^(G))),0(logaj(j)+^ + 7j+i(/:i^(G)))]) 

for all i, j £ {1, . . . , c}, /i € {1, . . . , rii} and € {1, . . . ,nj}. Thus is a Lie algebra isomor- 
phism. □ 

3.2 Relatively free groups 

Let DTc be the variety of nilpotent groups of class at most c, and let Tc be a torsion-free 
subvariety of class at most c of 9Tc- For the rest of this section, for positive integers n and 
c, with n > 2, we write Fn,c = -^ra(^c) and G = Fn(Tc). The groups F^^c and G are freely 
generated by the set {xi, . . . ,Xn}, Xi = fi^dFn), i = l,...,n, and the set {yi, . . . , ?/„}, 
Hi = fi^c{Fn)i i = 1, ■ ■ ■ ,n, respectively. Since Tc is a subvariety of DTc, the natural map vr 
from Fn^c to G is surjective. Since kervr = ^dFn) /^dFn) , we obtain kervr is a fully invariant 
subgroup of Fn^c- Hence kervr is a verbal subgroup of -Fn,c- Let fi and be the Hirsch numbers 
of Fn^c and G, respectively. Since Fn^c is finitely generated nilpotent, kervr is a (torsion-free) 
finitely generated nilpotent group of class at most c. Since -F„^c/kervr = G and G is torsion-free, 
it follows from a result of Hirsch (see [El Theorem 2.312], also, [ll^ Theorem 2.3]) that kervr has 
Hirsch number fi — v. Since LxiFn^c) is a free nilpotent Lie algebra of class c freely generated 
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by the set {xiF^ ■ ■ ■ > ^nF^ d (see, for example, [H]), CK{Fn,c) is a nilpotent Lie algebra of 
class c and {log xi, . . . , log x^} generates CK{Fn,c) (by Lemma [3^ . we obtain the mapping x 
from the set {^iF^ c) • • • > ^nF^^c} iiito CK{Fn,c) sending XjF^ ^ to logXj, i = 1, . . . , n, extends 
uniquely to a Lie algebra epimorphism. Since dimLi^(F„^c) = dim>C/4'(F„^c) = /^i we obtain x 
is one-to-one and so, x is a Lie algebra isomorphism. We summarize the above observations 
as follows. 

Lemma 3.8 For positive integers n and c, with n>2, let Fn.c he the free nilpotent group of 
rank n and class c; freely generated by the set {xi, . . . ,Xn}- Then CxiFn^c) is a free nilpotent 
Lie algebra of rank n and class c; freely generated by the set {logxi, . . . ,logx„}. □ 

The next result gives us a way of how a group homomorphism of F^^c onto G can 
define a Lie algebra homomorphism from CxiFn^c) onto Ck{G). The proof of the following 
result is similar to the proof given in Lemma 13. 5[ 

Lemma 3.9 Let M be a torsion-free finitely generated nilpotent group of class c such that 
M/t2{M) is a free abelian group of rank n, with n>2. Let ip be any group homomorphism 
from Ffi^c into M , and let ifj^p be the mapping from the set {logxi, . . . ,logx„,} into CxiM) 
defined by ip^piJogXi) = log(^(xj) for i = 1, . . . ,n. Then tp^ extends uniquely to a Lie algebra 
homomorphism from CxiFn^c) into Ck{M) and, for all u € Fn^c, '<Pip{^ogu) = \og{p{u). □ 

Lemma 3.10 For positive integers n and c, with n>2, let G = Fn{1-c), with n>2, and let 
TT be the natural mapping from F^^c onto G. Then kervr C ^, and (kervr) C Ck{F!^ ^ = 

CK{Fn,cy. 

Proof. First we shall show that kervr C F^ ^. To get a contradiction, we assume that kervr ^ 
F^^^. Thus (F^^c/kervr)' = F^^^kervr/kervr. Since G/G' is free abelian of rank n, and G/G' = 
Fn,c/F!^ ^kervr, we get Fn^c/F!^ ^.kervr is free abelian of rank n. Since Fn,c/F!^ ^ is free abelian of 
rank n, we obtain F^ ^kerir/F^ ^ is not a trivial free abelian subgroup of Fn^c/F^ c which is a 
contradiction. Therefore kervr C F^^^. Thus £(ker7r) C Ck{F^ ,,). By Lemma [3^ we obtain 
>Cx(F^^J = CK{Fn,c)'. Hence (kervr) C £i^(F„,c)'. □ 

For a torsion- free finitely generated nilpotent group G of class c, we write Ct{G) 
for the vector subspace of Ck{G) spanned by all Lie commutators of the form [log Oj^ , . . . , log ajj 
with ii, . . . ,it € {1, . . . , n}. 
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Lemma 3.11 For positive integers n and c, with n > 2, let G = Fn{^c) o-nd let vr he the 
natural mapping from Fn,c onto G. Then 

£i^(ker7r) = 0^ 2 (^i^ (kervr) n 
Proof. By Lemma ETTOl and since CK{Fn,c) = ®t=i^K{Fn,c), we have 

/:x(ker7r) C £/r(F„,e)' = ®U2i^t{Fn,c)- 
Let w G £i<-(ker7r). For a fixed i, with i = 1, . . . , n, express as a sum 

W = Wq + Wl -\ 'tWs 

where the number of times that logXj occurs in Wj is j, j = 0, . . . , s. Pick distinct non-zero 
integer numbers oi; • • • > ^s- Then 

s 

w{\ogxi, . . . ,ajTogXi, . . . ,logx„) = a'^w^(log xi, . . . ,logx„). 
Now the determinant 

1 ao c^o ■ ■ ■ '^0 
1 ai a\ ■ ■ ■ a\ 

1 Us Oil ■ ■ ■ oil 

is a Vandermonte determinant with value rii<j('^i ~ '^j) non-zero. Consequently, each 
Wj is a Q-linear combination of the elements Ti;(log xi, . . . , logXj, . . . , loga;„). For the fixed 
i and j = 0, . . . , s, let ipi^j be the mapping from the set {xi, . . . , x„} into F„^c defined by 
fijixK) = a;"^ if i = K and ipij{xi^) = ii i ^ k. Since F^^c is relatively free on the set 
{xi, . . . extends uniquely to a group endomorphism of Fn^c- By Lemma [3.91 (for 

M = -Pri,c)> V'l/Ji J is a Lie algebra endomorphism of CxiFn^c)- Write 

= Ai log ui H h As log Us, 

where Ai, . . . , A^ G K and ui, . . . , G kervr. Applying ip^p. . on u;, and since kervr is a fully 
invariant subgroup of F„,c) we obtain tpipi^{w) G >Cx (kervr). Hence 

i(;(logxi,...,ajlogXi,...,logx„) G /:i^(ker7r) 
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for j = 0, . . . , s. Therefore, for k = 0, . . . , s, we have 

^^(logxi, . . . ,logx„) G £K(ker7r). 
Consequently, each Wi is a Q-hnear combination of the elements 

'u;(log xi,...,aj log Xi,..., log Xn), 

for j = 0, . . . , s. If we repeat the process on each Wi using different logx^ (with k ^ i), then 
eventually we obtain each homogeneous component of w belongs to CkO^gttt). Therefore if 
w G (kervr) then the homogeneous components of w belong to >Ci^(ker7r) and so, we obtain 
the required result. □ 

Proposition 3.1 For all positive integers n and c, with n >2, >Ci<-(F„^c/ker7r) is isomorphic 
to CxiFn^c)/ J~-KO^eiciT) as a Lie algebra. Furthermore, >CQ(ker7r) is a fully invariant ideal of 
^qiFn^c)- 

Proof. By Lemma 13.91 (for M = G), the mapping from the set {logxi, . . . ,logx„} into 
Ck{G) defined by V'7r(log = log7r(xj) for i = 1, . . . ,n extends uniquely to a Lie algebra 
homomorphism from CK{Fn,c) into Ck{G) and, for all u G -Fn,c, ^7r(logii) = log7r('u). Since 
TT is onto and by the definition of Ck{G), we obtain is onto. First we shall show that 
keiipTT = £ft'(ker7r). Let vu G £_R-(ker7r). Then 

W = KllogVl -\ h log Us, 

where vi, . . . ,Vs G kervr and ki, . . . , Kg & K. Applying ip.,^, we have 

ipniw) = Kl log 7r(f l) H h Ks log Tr{Vs) = 0. 

Therefore w G keiipT^. Hence 

>Cii- (kervr) C kei^j^. (10) 

But dim (kervr) = 7^(ker7r) = fi—u. In addition, dim(ker-(/'7r) = dim>Ci<-(F„^c)— dim>Cx(G) = 
'H{Fn^c) — 'H{G) = fi — i^. By the equation (10), we obtain kerip-j,- = >Ci<-(ker7r). 

Next we show that /Zq (kervr) is a fully invariant ideal of /^(q(F„^c)- Let ^ be a Lie 
algebra homomorphism of CQ{Fn^c), and let ^(log Xi) = Uj for i = 1, . . . , n. Since exp >Cq(F„^c) 
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is a Mal'cev completion of F^^c there are positive integers rrii such that exp(mjnj) G Fn^c for 
i = 1, . . . , n. Let (p be the endomorphism of -Fn,c satisfying the conditions (/^(xi) = exp(mnj), 
with m the least common multiple of mi, . . . , m„ for i = 1, . . . , n. (Notice that exp(mtii) = 1 
if and only if Ui = 0.) Since kervr is a fully invariant subgroup of i^n.o we have '^{v) € kervr 
for all V G kervr. Let w G £(q (kervr) and, by Lemma [3. Ill we assume that w is a homogeneous 
element. Write 

w = tt;(logxi, . . . ,logj;„) = Ai logui H h XslogVg, 

where Ai,...,As G Q and vi^...,Vs G kervr. By Lemma [3.91 (for M = F„,,c), ijjipi^ogu) = 
\ogip{u) for all u G -Fn,c- Applying ijj^p on we obtain ip^{w) G £Q(kervr). Since -(/'(/j is a Lie 
algebra homomorphism of £q(F„_c), we obtain Aw(ui, . . . G £Q)(kervr) for some non-zero 
integer A. Hence S,{w) G £(Q(kervr) for all homogeneous elements w G £Q(kervr). Since for any 
element w in >Cq (kervr) the homogeneous components of w belong to /Zq (kervr) (by Lemma 
13. lip and is a Lie algebra homomorphism, we obtain /^q (kervr) is a fully invariant ideal of 

CQ{Fn,c). □ 

Proposition 3.2 For any relatively free of finite rank n torsion-free nilpotent group G, its 
Lie algebra Ck{G) is relatively free in some variety of nilpotent Lie algebras. 

Proof. Since CQ{Fn^c) is a free nilpotent Lie algebra (by Lemma l3.8p and any fully invariant 
ideal of £.iQ{Fn^c) is verbal (The arguments given in the proof of Theorem 13.31 in [16] are 
still valid for relatively free Lie algebras.), it follows from Proposition 13. II that >C(Q(F„^c/kervr) 
is relatively free. Since G = F„^c/kervr, we obtain Cq{G) is relatively free. Recall that 
Ck{G) = K (g)Q Cq{G). Since relatively freeness is preserved by a field extension, we obtain 
the required result (see [TJ Chapter 14]). □ 

Theorem 3 For any relatively free, torsion-free nilpotent group G of finite rank n, Ck{G) 
is isomorphic to Lk{G) as a Lie algebra via an isomorphism rj sending logyj to yiG' , i = 
1, . . . ,re. 

Proof. Write G = Fn{^c) for some torsion-free subvariety Tc of class at most c of It is 
freely generated by the set {yi, . . . ,yn}, where yi = fi1c{Fn)- Then the factor group G/G' 
is either a free abelian group freely generated by the set {yiG', . . . , ynG'} or it is the abelian 
group of exponent m > every element of whose basis {yiG', . . . ,ynG'} has order m (see 

20 



page 11]). If G/G' has finite exponent m, then, since G is nilpotent of class c, we obtain 
G has finite exponent dividing m'^ (see, for example, [181 page 13]) which is a contradiction. 
Therefore G/G' is a free abelian group of rank n. Hence T2(G) = G'. 

By Lemma [331 Lk{G) is generated as Lie algebra by the set {yiG' , . . . , UnG'}. 
In addition, Lk{G) is a nilpotent Lie algebra of class c. Then Lk{G) G OJIc- Since Cx^Fn^c) is 
free in OJtc freely generated by the set {logxi,... ,logx„} (by Lemma l3.8p . the mapping p from 
{log xi, . . . , log x„} into Lk{G) defined by pilogxi) = UiG', i = l,...,n, extends uniquely 
to a Lie algebra epimorphism from CxiFn^c) onto Lk{G). We claim that p(>Cx(ker7r)) = 
{0}. Recall that £i^(ker7r) = ker^/^Tr (see the proof of Proposition I3.ip . where tp-„: is the Lie 
algebra epimorphism from CK{Fn,c) onto Ck{G) such that V'7r(logXi) = log7r(xi) = logyj, 
z = 1, . . . , n. Thus, by Lemma [3. lit 

kerV'^ = e^^sCker-fA^ n Ct{Fn,c))- (11) 

To prove that pihsvijj.,^) = {0} it is enough to show that p{v) = for all v € ker-07r. By the 
equation (11), it is enough to prove that p{v) = for all homogeneous elements in ker^/'Tf. For 
any homogeneous Lie commutator w in CxiFn^c), we write w for the Lie commutator in Lk{G) 
obtained from w by replacing the Lie multiplication in CxiFn^c) by the Lie multiplication 
in Lk{G), and, in addition, by replacing each logXj by yiG' with i = l,...,n. Let v £ 
keiipTt n Ct{Fn,c) for some t > 2. Write 

V = ^ i,) [log Xi,,..., log XiJ, 

where € K. Then 

= tP^{v) = ^/3(,^^,..^,^)[logyi,,...,logyiJ. (12) 

Since 

[logyii,. . • >logyjJ = log(yii,. . ■,yit)+^^ 
where u G CK{Tt+i{G)), we obtain from the equation (12) 

^P{tu...,it)^os{yh,---,yit) e/:{Tt+i{G)). (13) 

Choose a canonical basis {ai, . . . , aj((,+i)} of G with = yj, i = 1, . . . , n. Write (yj^ , . . . , y^J = 
0/(t)+i^ • ■ ■ a^^^^l^'x, where x E Tt4.i(G). By the BCH formula and since CK{Tt+i{G)) has a 
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i^-basis the set {log aj(t+i)+i, . . . , logaj(c+i)}, we get from (13) 

/(t+i) 

^Pih,-,it)i ^ mfclogafc) = 0. 
fc=/(t)+i 

Let C be the K-Hnear isomorphism from Ck{G) onto Lk{G) such that C(log = 
aj(j)+jTj_|_i(G) for all i = l,...,c and j = Since £ft'(rf+i(G)) has a ET-basis 

the set {logaj(t+i)+i, . . . ,logaj(c+i)} and since 7t+i(LA-(G)) = e^^^^;^%x(G), we have 
aCK{Tt+i{G))) = -it+i{LK{G)). Therefore 

/(t+i) 

E%.-.^0( n Kn+i(G)n) = 0. (14) 
fc=/{t)+i 

Since 

/(t+i) 

[y,,G',...,y,,G'] = (y^,, . . . ,y.Jr,+i(G) = J] (afcri+l(G))™^ 

fc=/{t)+i 

we obtain from (14) ^ [y^G', . . . , yifi'] = 0. Thus 

p{v) = v = E%,...,it)[ynG', . . .,yuG'] = 0. 

Therefore /?(>Cif (kervr)) = {0}. Hence >Cif (kervr) C kerp. Since dimkerp = dim>Ci^(F„^c) — 
dim Li<-(G) = fi — u = dim >Ci<- (kervr) , we obtain £i^(ker7r) = kerp. Therefore 
>CE'(Fn,c)/>C_R-(ker7r) = Lk{G) by a Lie algebra isomorphism pi such that pi (log Xj+£(ker7r)) = 
UiG' , i = 1, . . . ,n. By the proof Proposition 13.11 >Cft:(F„^c)/jC_ft:(ker7r) = Ck{G) by a Lie alge- 
bra isomorphism V'tt,! such that '(/'7r,i(log 2;j-|-/I/^(ker7r)) = log yi, i = 1, . . . ,n. Let t/ = pio^/;"^. 
Then r/ is a Lie algebra isomorphism from Ck{G) into Lk{G) such that -qilogyi) = yiG' for 
i = 1, . . . , n. □ 

Let L be a relatively free nilpotent Lie algebra over Q of finite rank n; freely 
generated by the set {/ii, . . . , It is easily verified that the set {/ii + L', . . . , /i„ + L'} is a 
Q-basis of L/L' . Give on L, by means of the Baker-Campbell-Hausdorff formula, the structure 
of a group denoted by R. Let H be the subgroup of R generated by the set {hi, . . . , and 
let c be the nilpotency class of L. Notice that the nilpotency class of is c as well. Since 
H is generated by n elements and it is nilpotent of class c (that is, € O^c), and since 
Fn^c is relatively free in Die, the map r from Fn^c into H sending Xi to /ij, i = 1, . . . , n, is a 
group epimorphism. By Lemma |2. 11 H' = T2{H). Thus, the first part of Lemma 13.101 shows 
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that kerr C F^^. By Lemma 13.91 (for M = H), t induces a Lie algebra homomorphism tpr 
from £q(F„^c) into Cq{H) such that ipr{logu) = log r(n) for all u € -Fn,c- Note that the set 
{hiH' , . . . , hnH'} is a Z-basis for H/H' (see [6, Proof of Theorem B, page 457]). By Lemma 
13.91 V'r is surjective. Thus £(Q(F„^c)/ker^/;T- = Cq{H). By applying similar arguments as in the 
proof of Proposition 13.11 we obtain £Q(kerr) = keripr and so, £(Q(F„^c)/>CQ(kerr) = Cq{H). 
By Lemma \2.1\ L = Cq{H) and so, Cq{H) is relatively free. Thus £Q(F„.c)/£(Q(kerr) is 
relatively free. It is easy to verify that £(Q(kerT) is a fully invariant ideal of £q(F„^c)) and 
kerr is a fully invariant subgroup of -F„,c- So, we obtain the following result. 

Proposition 3.3 Let r and H he as above. 

(i) CQ{Fn,c)/CQ{keTT) ^ Cq{H). 

(ii) £Q(kerr) is a fully invariant ideal of £q(F„^c). 
(in) kerr is a fully invariant subgroup of Fn^c- D 

3.3 Relatively free Lie algebras 

An inverse system (Gj, ipij) of sets indexed by a directed nonempty set / consists of a family 
{Gil i E 1} of sets and a family {(pij : Gj — > Gi| i,j £ I,i < j} of maps such that ipa is the 
identity map Idc. for each i and (pijipj^ = (fik whenever i < j < k. We shall call a family 
{tpi : Y ^ Gi\ i £ 1} of maps compatible to the inverse system (Gj, (pij) if ^fij^j = tpi whenever 
i < j. An inverse limit (G, ipi) of an inverse system (Gj, ipij) of sets is a set G together with 
a compatible family {ipi : G — > Gj} of maps with the following universal property: whenever 
{ipi : Y Gi) is a compatible family of maps from a set y, there is a unique map tp -.Y ^ G 
such that ifiip = Ipi for each i. Write G = Yliei cartesian product of all sets Gj, 

and for each i write vTj for the projection map from G to Gj. Define 

G = {c G G : ipijTTj{c) = vrj(c) for all i,j with i < j} 

and (/9j = vTjlg for each i. Then (G,(pi) is an inverse limit of {Gi,<pij), denoted by limGj. 
Suppose each Gj is a Lie algebra and each ipij is a Lie algebra homomorphism. Then G is a 
Lie algebra, and it is easy to see that G is a Lie subalgebra of G. The coordinate projections 
TTj are obviously homomorphisms in this case. 

Let Xj = fi£{Fn), with i = 1, . . . ,n. That is, the set {xi, . . . , x„} is a basis (i.e. 
a free generating set) for G^. Since G„ is relatively free and rc+i(G„) is a fully invariant 
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subgroup of Gn, we obtain Tc+i{Gn) is verbal. Write G„ = Fn/2^{Fn) and let Nc+i be the 
complete inverse image in Fn of rc+i(G„). Then Nc+i/ 2.{Fn) = Tc+i(Gn)- It is easily verified 
that NcJ^i is a fully invariant subgroup of Fn and so, Nc+i is verbal. That is, there exists a set 
VLc+i of words such that A^^+i = ^c+i{Fn). But then Nc+i/2.{Fn) = ric+i(F„/£(F„)) (see |16], 
the proof of 13.31 Theorem, page 10]). Thus Gn/Tc+i{Gn) — Fn/Nc+i and so, Gn/Tc+i{Gn) is 
a relatively free torsion-free nilpotent group of rank n and nilpotency class at most c. We write 
Gn,c = Gn/Tc+i{Gn) and claim that Gn,c has class exactly c. Indeed, to get a contradiction 
we assume that ^d{Gn) Q Tc+i{G„) for some d < c. Let x € Td{Gn)- Thus there exists 
a positive integer m such that x"* G 7d(G„) C rc+i(G„). Since rc+i(G„) C r(i_|_i(G„) and 
Td(G„)/rd+i(G„) is torsion-free, we obtain x £ rd+i(G„) and so, rd(G„) = rd+i(G„) which 
contradicts to residually torsion-free nilpotency. For positive integers i and c, with 1 < i < n, 
let Xj^c = 3;irc+i(G„). Thus Gn,c is freely generated by the set {xi^c : i = 1, . . . , n}. As shown 
in Proposition 13.21 and the proof of Theorem [3l CK{Gn,c) is a relatively free nilpotent Lie 
algebra of rank n; freely generated by the set {logxi_c, • • • ,logx„_c}- Since G„,c has class c, 
we obtain CK{Gn,c) has class c (see [HI Theorem 7.3]). 

The following result help us to construct the inverse limit of CK{Gn,c) with c > 1 
and n a fixed positive integer with n > 2. The proof is based on some ideas of the proof given 
in Lemma 13.51 (See, also. Lemma 13.91 ) 

Lemma 3.12 For positive integers c,d, with c < d, we write T^^d for the natural epimorphism 
from Gn,d onto Gn.c sending gTd-\-i{Gn) to gTc+i{Gn) for all g € G„. Then there exists a Lie 
algebra epimorphism ^^^^ from CK{Gn,d) onto CK{Gn,c) such that ^7T^^ai^og{gTd+iiGn))) = 
log{gTc+i{Gn)) for all g G G„. In particular, Cn^^ai^og Xi^d) = logXj^c for i = l,...,n, 
and ^^^^(i;(logxi,d, • • • ,logXn,d)) = 7;(logxi,c, . . . ,logXn,c) for all u(logxi,d, . . . ,logx„,d) G 

^KiGn,d)- □ 

Form the following inverse limit 

C{G„) = lim {CK{Gn.c),^,n,,)- 

Throughout this paper we abbreviate = C{Gn), with n > 2. A typical element of has 
the form {vi,V2, ■ ■ ■) where Vc G CK{Gn,c), with c > 1, and ^7^,, di'^d) = Vc for c < d. Write, for 
i = l,...,n, 

ti = (log(XjT2(G„)),log(xir3(G„)), . . . ,log(XjTc+l(G„)), . . .) G Cn- 
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Let Ln = C{Gn) be the Lie subalgebra of Cn generated by the set {ti, . . . , Recall that for 
a positive integer c, Lc{Gn) = Tc{Gn) / Tc+i(Gn) ■ Since Lc(Gn) is a free abelian group of finite 
rank > 1, we may tensor it by K to obtain a vector space Lc^xiGn) over K. In particular, 
if Xc is any Z-basis of Lc{Gn) then every element of Lc^xiGn) may be uniquely written as a 
ii'-linear combination of elements 1 ^ x, with x € Xc. Let LxiGn) = ®c>iLc,K{Gn)- For a 
positive integer c, and a Lie algebra L, we write ^c{L) for the c-th term of the lower central 
series of L. Notice that ^d{LK{Gn)) = ®i>dLi,K{Gn)- D 

Theorem 4 Let Cn be the Lie subalgebra of Cn generated by the set {ti, . . . ,tn}- Then Cn 
is a relatively free Lie algebra freely generated by the set {ti, . . . ,tn}- 

Proof. For a positive integer n, with n > 2, let An be the free associative algebra over K; 
freely generated by the set . . . ,£„}. Give on jAn the structure of a Lie algebra by defining 
[u,v] = uv — vu for all u,v G An- Let L„ be the Lie subalgebra of An generated by the 
set {£i, . . . ,in}- It is well-known that Ln is a free Lie algebra; freely generated by the set 
{£i, . . . ,in} (see, for example, |lQj). Consider the natural epimorphism 

an : Ln — > Cn, with £i>-^ti, i = 1, . . . , n. 

Then L„/ker(T„ = Cn- Notice that v{ti, . . . ,tn) = if and only if v{£i, . . . , in) € kercr^. 
To prove that Cn is relatively free, it is enough to show that kercj„ is a verbal ideal (see 
[H Chapter 14, page 275]). As for groups [16^ Theorem 12.34, page 5] verbal ideals turn 
out to be precisely the fully invariant ideals of Ln (that is, those ideals which are invariant 
under all endomorphisms of L„). Thus it is enough to show that kercj„ is fully invariant 
i.e. if v{£i, . . . , in) G ker(j„, then v{vi, . . . ,Vn) G ker(T„ for all vi,...,Vn G Ln or, equiv- 
alently, if v{ti, . . . ,tn) = 0, then v{ui, . . . , Un) = for all ui, . . . , ii„ € Cn- Each ti may 
be considered as a function on N such that tj(c) = logXj^c G ^K{Gn,c) for all c € N. The 
element v{ti, . . . is considered as a function on N. Thus v{ti{c), . . . ,tn(c)) = for all 
c G N. Hence v{ti{c), . . . ,tn(c)) = in each CK{Gn,c)- For any positive integer c, CK{Gn,c) 
is a relatively free nilpotent Lie algebra; freely generated by the set {log xi^c, • • • , log x„_c}- 
Since ti{c) = logXj^c for i = 1, . . . , n, we obtain {ti(c), . . . ,tn(c)} is a free generating set for 
CK{Gn,c)- Therefore v{wi^c, - - - -,Wn,c) = for all wi^c, - - - -,Wn,c £ C{Gn,c)- By the construc- 
tion of Cn, we have Cn € va,r{{CK{Gn,c) ■ c G N}). But v{£i, . . . ,in) is an identity in the 
cartesian product Y\c>i ^K{Gn,c)- (The arguments given in the proof of 15.1 of [Ml page 15] 
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can be adopted here without any changes.) Hence v{£i, . . . ,in) is an identity in £„. Since 
J~-n ^ ^n, we obtain v{£i, . . . , in) is an identity in Cn- Therefore, Cn is a relatively free Lie 
algebra; freely generated by the set {ti, . . . , □ 

3.4 Verbal ideals 

Let J^oo be the free Lie algebra on a countably infinite set {uji,uj2, •••,}• For each n > 1, the 
free Lie algebra Tn freely generated by tJi, . . . , cj„ will then be embedded in J^oo, in a natural 
way. This free Lie algebra is introduced for the special purpose to provide 'words': an 
element w G J-'oo is called a word in the variables loi,uj2, ■ ■ ■■ Each word w involves only 
finitely many variables, in the sense that w € J-n for some n G N. A set of words V is closed 
if it is, as subset of ^oo, a fully invariant ideal of J-'oq. In particular, if t> G y is a word in n 
variables, and {ui, . . . ,Un) € an n-tuple of words, then v{ui, . . . ,Un) € V. The closure 
of an arbitrary set it) of words is defined as the intersection of all closed sets containing n. 
(Since the set of all words is a closed set containing ro, the aforementioned definition makes 
sense.) Let y be a set of words involving wi, . . . ,u;„ only such that y is a fully invariant 
ideal of J-n (hence it is a verbal ideal). If V denotes the closure of Y then V D J-n = Y (see, 
for example, [Ml page 7]. The arguments given in page 7 can be adopted here without any 
changes]). That is, the closure of a fully invariant ideal of J-'n intersected with J^n leads back 
to the original ideal. Let L^o be a free Lie algebra on a countably infinite set {ii,i2, ■ ■ ■}■ For 
a positive integer n, with n > 2, let L„ denote the free Lie algebra freely generated by the 
set {£i, . . . ,£n}- Let be the natural mapping of Too onto Loo; it is given by ^(wj) = ii for 
i > 1. It is an isomorphism between the two free Lie algebras which, restricted to J^n C J-oo 
maps J-'n onto L„ C Loo- So we have the following diagram: 

J' 30 *- J' n 

e : 

T 

T ^ T , r 

Let y be a fully invariant ideal of J-oo- The words in V that involve only ui, ... ,uJn are given 
by y n J^n- Of course, V D J-n is a fully invariant ideal of J-n- For a positive integer n, with 
n > 2, let Vn be the fully invariant ideal of jr„ such that ^{Vn) = ker(T„. Let y„ be the closure 
of Vn. Then y„ = Vn. Since ^ is bijective, we obtain CO^n) ^Ln = ^.iVn) = kercjn. Recall 
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that there is a 1 — 1 correspondence between the varieties 03 of Lie algebras and the fully 
invariant ideals V of J^od (or the closed sets of words V or the verbal ideals V). Let 2J„ (or 
simply 5J) be the variety of Lie algebras corresponding to y„. Write 5J(L„) = ^{Yn) fl L^- 
That is, the verbal ideal of L„ corresponding to 5J. Notice that 2J(L„) = ker(T„. It is well 
known that L„ = (Bm>iL^, where LJ^ denotes the vector subspace of L„ spanned by all Lie 
commutators [£i-^ , • • • , ^i^] with ii, . . . , € {1, . . . , n}. Since is an infinite field, we obtain 
2J is (multi-)homogeneous. That is, given an identity t> = in 53 such that v = Va is the 
(multi-)homogeneous decomposition of v, then for all a, Va = is also an identity in 03. The 
proof of the following result is elementary. 

Lemma 3.13 For a positive integer n, with n>2, let Ln be a free Lie algebra of rank n. Let 
I be a proper fully invariant ideal of Ln. Then L Q L'^. □ 

Since kerun ^ (by the proof of Theorem [4] and Lemma I3.13P , 

kera„ = 53(L„) = e^>2(kero-„ n L^J"). 

Since 53(L„) = em>2(53(L„)nL™), it is easily verified that = em>i>C™, where /I™ = (L;^+ 
53(L„))/53(L„). Furthermore, 7c(>C„) = ©m>c>C™ for all c. For positive integers i and c, with 
i < c, let Ui denote the rank of the free abelian group Li{Gn,c) (= 'yi{Gn,c)/li+i{Gn,c))- Fur- 
thermore, let /(i) = ni+- ■ ■+ni-i, with no = and ni = n. Let Bi^c = {aj(j)+i^c) • • • > o(/(i+i,c)} 
be a subset of 7j(Gn,c) such that the set {aj(j)+i ,.7i+i(Gn,c), • • • , a/(i+i),c7i+i(G'n,c)} is a 
Z-basis of Li{Gn,c)- Thus i?c = Ui?j^c = {ci'i,c, ■ ■ ■ , cif(c+i),c} is a canonical basis of Gn,c- 
For any positive integer c, we choose a canonical basis Be of G„.c subject to a^^c = a^K,c; 
K = 1, . . . ,n. For a positive integer c, with c > 2, let tTc-i,c be the natural epimorphism 
from Gn,c onto G„,c-i sending 5Tc+i(G„) to grdGn) for ah g G G„. Then ker7rc_i,c = 
TciG„)/Tc-f-i{G„). By Lemma 13. 12^ there exists a Lie algebra epimorphism Cnc-i.c from 
CxiGn^c) onto £/r(G„,c-i) such that ^^^_-^^(log(5rrc+i(G„))) = log{gTc{Gn)) for ah 5 G G^. 
In particular, C7rc-i,c(log ^i,c) = logXi,c-i for i = 1, . . . , n. 

Proposition 3.4 For a positive integer n, with n > 2, let LL^ be a relatively free group of 
rank n. Then Tc{Lin) = -ic{Hn)rc+i{Hn) for all c. 

Proof. Let LL^ be a relatively free group of rank n, with n > 2 freely generated by the set [3. 
The commutator group Hn/H'^ is an abelian relatively free group freely generated by f) taken 
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modulo H'^. Suppose first that Hn/H'^ is a free abelian group of exponent m, with m > 0. 
Then T{Hn/K) = Hn/K- Since T2{Hn)h2{Hn) = r{Hn/K), we obtain T2{Hn) = Hn. We 
claim that if„ — rdHn) for all c. Since = T2{Hn), we have x € r2(i?„) for all x G Hn- 
Since Hn/H'^ has exponent m, we get x™" G i?^- Then € 73(i^n) for all y € i^„. Using 

repeatedly the commutator identity {ab,c) = {a,c){a,c,b){b,c), we obtain {x,y)"^ G lz{Hn) 
for all y G iJ^. So, (x, y) G Ts{Hn) for all y G It is clearly enough that {x, y) G T^{Hn) for 
all X, y G i^n- Since Tz{Hn) is fully invariant, we have j2{Hn) C T3(i?„). Let x G r2(-ff„). Then 
G j2{Hn) and so x"* G T^{Hn)- Since T2{Hn) lT^{Hn) is torsion-free, we get x G Ts{Hn)- 
Therefore T2{Hn) = Tz{Hn)- Continuing this process we obtain iJ„ = Tc{Hn) for all c. So, we 
get the required result. 

Thus we may assume that Hn/H'^ is a free abelian group with a basis (i.e. a free 
generating set) {) taken modulo H'^^. Assume that there are no repetitions of terms of the scries 
{rc(-ffn)}c>i- Fix a positive integer c. It is clearly enough that we may assume that c > 2. It 
is enough to show that Tc{Hn) C jc{Hn)Tc+i{Hn) ■ Write Hn,c = Hn/Tc+i{Hn)- Notice that 
Hn^c is a relatively free nilpotent torsion-free group of rank n and class c. (If the class of 
Hn^c is strictly less than c, then it be can easily shown that there are repetitions of the series 
{Tc{Hn)}c>i-) By Theorem A (I), Hn,c is Magnus and so, TK{Hn,c) = lK{Hn,c) for ah k, k G 

{l,...,c}. Write En,c = Hnhc{Hn)Tc+l{Hn). Since lc{Hn,c) = 'yc{Hn)Tc+l{Hn)/Tc+l{Hn), 

we have Hn,c/lc{Hn,c) — En,c- Thus En^ is torsion-free. Let Pc-i,c denote the natural 
cpimorphism from En^c onto Hn,c-i sending h{^c{Hn)Tc+i{Hn)) to hTc{Hn) for all h G Hn- 
It is easily verified that kerpc-i,c = Tc{Hn) /"ic{Hn)'Tc+i{Hn)- Furthermore, it is easy to see 
that kerpc-i,c is an homomorphic image of Tc{Hn) /^c{Hn) - Since Hn/^dHn) is a finitely 
generated nilpotent group, we have T{Hn/^c{Hn)) is a finite group and so, Tc{Hn) / jc{Hn) is 
a finite group. Therefore kevpc-i,c is finite. Since En,c is torsion-free, we obtain keTpc-i,c is 
trivial and so rc(-ffn) C 7c(i?n)Tc+i(-ffn)- Hence Tc{Hn) = jc{Hn)Tc+i{Hn) for ah c. Finally 
we assume that there are repetitions of terms of the series {Tc{Hn)}c>i- Since Hn/H^ is free 
abelian, we have T2{Hn) = Hn- Let k be the smallest positive integer such that r^Hn) = 
T^+i{Hn) and Hn D T2{Hn) D ••• D TK_i(i/„) D T^Hn)- Since Tf,{Hn) = T^+iiHn), we 
get Tj{Hn) = T^Hn) for all j > k + 1. Hence our claim holds for all j > k- If k = 2 
then Tc{Hn) = jc{Hn)Tc+i{Hn) for all c. Thus we concentrate on j < k and k > 3. Write 
Hn,c = Hn/Tc+i{Hn) for c = 1, . . . , K — 1, and fix c. Using similar arguments as before we 
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obtain the required result. Hence, in any case, we have Tc{Hn) = 'yciHn)Tc+i{Hn) ■ □ 

Remark 3.1 The proof given in the first part of the proof of Proposition 13.41 is independent 
up to the rank of Hn- 

We deduce the following result. 

Corollary 3.2 Let 2, be a residually torsion-free nilpotent variety of groups. For positive 
integers n and c, with n > 2, let Gn = Fn{£,) be the relatively free group of rank n in £, and 
Gn,c = Gn/Tc+i{Gn). Then, for all c, -ic{Gn,c) = Tc(G'„)/rc+i(G„). 

Proof. Since ^c{Gn,c) = 7c(G„)rc+i(Gn)/''"c+i(G'„), we obtain from Proposition 13.41 the re- 
quired result. □ 

For a positive integer c, let V'c be the mapping from {ii, . . . ,in} into CK{Gn,c) 
such that tpc{ii) = ti{c) = logXj^o i = I, ■ ■ ■ ,n. Since L„ is free on {ii, . . . ,£„}, ipc extends 
to a Lie algebra homomorphism from L„ into CxiGn^c)- Since CK{Gn,c) is generated by 
the set {log xi^c, • • • 5 log a;„^c}, we have t/'c is surjective. Let € kerfj^. Then 

= in and so, u(log xi^c, ••• i log 2;n,c) = for all c E N (see the proof of 
Theorem H]). Hence -00(^(^1, . . . = i.e. . . . ,^n) S ker'i/'c- Therefore kerc7„ C ker'i/'c 
and so, V'c induces a Lie algebra epimorphism -00 say, from £„, onto CxiGn^c) (for all c) 
sending ti to log Xi^c for z = 1, . . . , n. So 

T _ZiL^ r 

^KiGn,c) 

Lemma 3.14 For a positive integer c, V'c(>C^) = ^K{lc{Gn,c))- In- particular, for c > 2, 
V'c(7c(>C„)) = ker^^^_-^^^. Furthermore, ker(T„ = nc>ikerV'c- 

Proof. Recall that, for a positive integer c, £^ is the vector JT-space spanned by all Lie 
commutators [tj^, . . . ,tij with ii, . . . ,ic € {1, . . . ,n}. Observe that 

[ti, ti,] = (0^_^, [ti, (C), . . . , ti,{c)], [ti, {c+l),...,ti,{c+l)],...)eCn. 

c-1 
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Applying V'c on [U^,. . . ,ti^], we obtain tpciith,- ■ • = [th{c), . . . ,ti,(c)]. Thus V'c('C^) ^ 
7c(>C(Gn,c))- By Lemma EH] and since Gn,c is Magnus, we have ipc{Cn) ^ C{'yc{Gn,c))- Let c = 
1. Since ker(T„ C L^, we obtain Cn/J~-n — ^n/L'^ as vector spaces. Since C'^ = (Bc>2^n^ S^t 
dim>C^ = n and so {ti, . . . is a i^-basis for >C^. Since dim>C(G„^i) = H{Gn,i) = n, we ob- 
tain {ti(c), . . . , tn(c)} is a -fC-basis for CK{Gn,i)- It is clearly enough that ijjilC}^) = 
Thus we may assume that c > 2. By Lemma [33} CK{lc{Gn,c)) = ker^7rc_i c ^o, ipciC^) ^ 
ker^TTc-i c- '^o prove that 7c(>C(Gn,c)) ^ V'c('C5^) it is enough to show that [ti^{c), . . . ,ti^{c)] G 
Tpci^n) for ah ii,...,ic G {!,..., n}. Since 7c(/^/r(G„,c)) = (7c(G„,c)) = ker^^^_-^^, we 
obtain [ti^ (c — 1), . . . , ti^(c — 1)] = 0. Consider the element 

V = (0^_^, [U, (c), . . . , t,,(c)], [ti, (c + 1), . . . , ti,(c + !)],...)£ ^n. 

c-l 

It is easily seen that [fj^, . . . , tj^] = and tpdv) = [tj^(c), . . . ,tj^(c)]. Therefore '4jc[C'^) = 
lc{C-K{Gn,c)) = ker^^^_^_^. Since 7c(£„) = ®m>cC-n, it is easily seen that '0c(7c('C„)) = 
ker^^^_j ^ for all c > 2. 

Since kercr„ C kerV'c for all c, we have kercj^ C nc>iker'i/'c- Let u = u{ii, . . . , in) G 
nc>iker'0c- Since u G ker-^c for all c, we have ipciu{£i, . . . ,in)) = u{ti{c), . . . ,tn(c)) = for all 
c. Since CxiGn^c) is relatively free on {ii(c), . . . ,t„(c)}, we have u{ii, . . . is an identity 
for CxiGn^c) for all c. This means that m(^i, . . . ,ln) is an identity of the cartesian product 
J~-K{Gn.c}- Thus, u{ii, . . . ,£n) is an identity of Cn and so, it is an identity of £„,. That 
is, u{ii, . . . ,in) G 23(L„) = kercr„. Therefore kercj„ = r\c>ikevipc- CH 

In the next few lines, we write Ic = ker'i/'c- We claim that Ic is a fully invariant 
ideal of Cn- It is enough to show that 'd^Ic) ^ Ic for any endomorphism of Cn- Let 
u = u{ti,...,tn) G Ic- Then V'c(w(ii, • • • , *n)) = ^i(log x^c, • • • , log x„,c) = in CK{Gn,c)- 
Since Cx{Gn,c) is relatively free on {logxi^ci • • • 

, log Xn,c}, we obtain u{ui, . . . , Un) = for all 
ui, . . . ,Un G CK{Gn,c)- Let "!? be an endomorphism of Cn- Then = for i = 1, . . . , n. 
Since V'c is a Lie algebra homomorphism from Cn into C{Gn,c)i i^c{vi) = tUj for z = 1, . . . , n. 
But n(t(;i, . . . ,'u;„) = (in CK{Gn,c)) and so, V5^c(t?(ii(ti, . . . , t„))) = V'c('u(fi, . . . , f„)) = 
u{wi, . . . ,Wn) = 0. Therefore {}{u{ti, . . . ,tn)) G Ic- Hence Ic is fully invariant (and so, Ic is 
verbal). Since C'n = ®m>2J~-^ and Ic is a proper fully invariant ideal of Cn, it is easy to see 
that IcQC'n- 
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Next we claim that Ic = 7c+i(>Cn). Since Cn/Ic — ^K{Gn,c) and CK{Gn,c) has 
class c, it is enough to show that Ic C 7^+1 (^n)- To get a contradiction, let w € Ic but not 
in 7c+i(jCn)- Since Ic is a proper fully invariant ideal and since K is an infinite field, we may 
assume that w £ Ic H for some d, with 2 < d < c. We write 

W = w{ti, ...,tn) = ^a(j^_..._i^)[tii,. . . 

S K. Since ipdw) = 0, we obtain 

W7(ti(c), . . . , tn(c)) = a(ij,,..,i^)[ti,(c), . . . , ti^(c)] = 

in CxiGn^c)- Making use of ^7^^^^ (Lemma 13. 12p . with /x < c, we have w{ti{iJ,), . . . = 

for all n < c. Notice that 

t/jniw) = w{tl{K), . . . ,t„(K)) e 7d(/:(G„,K)) 

for all K > c. Since ^tt^ ^+i(tt'(ti(c + 1)), . . . ,tn{c + 1)) = w{ti{c), . . . ,tn{c)) = 0, we obtain 
w{ti(c + 1), . . . ,tn{c + 1)) G kei^^TT^^^^. Bv Lemma 13.51 and (Lemma 13. 6p . tt;(ti(c + 1), . . . , 
t„(c + l)) € 7c+i(jC(G„,^c+i))- For a positive integer m, with m = 1, . . . , c, let Cm{Gn,c) denote 
the vector subspace of CxiGn^c) spanned by all Lie commutators of the form 
[logXji^o • • • ! loga;j,„^c]- By Theorem [3] and since LxiGn^c) is graded, 

Since w{ti{c + l),...,in(c + 1)) has length d and d < c, we obtain w{ti[c + 1),..., 
tn{c + 1)) = (in CK{Gn,c+i))- Thus il)c+i{w) = 0. Continue this process, we finally 
obtain u; = which is a contradiction. Therefore Ic = 7c+i(>Cn)- Furthermore, = 
7c(£ri)/7c+i(£„) = 'jci^K{Gn,c) = jC-K {7c{Gn,c)) (by Lemma ESI)- Thus we obtain the fol- 
lowing result. 

Proposition 3.5 For a positive integer c, Cn/^c+i{i^n) — C,K{Gn,c) Lie algebras un- 
der the isomorphism <Pc+i sending ti + 7c+i(/3„) to logXj^c; i = In particular, 
Lpc+i{u{ti, . . . + 7c+i(£„)) = u(log j;i,c, . . . ,logj;„,c) for all u{ti, . . . G and c > 1. 
Furthermore, for all positive integers c, = C'K{lc{Gn,c)) vector spaces via the linear iso- 
morphism ipc+irjc, where rjc is the natural linear isomorphism from £^ onto ^d^^n) /lc+i{^n) 
sending u to u + 7c+i(£n)- D 
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Since G„ = = -Fn/£(F„) is relatively free; freely generated by the set 

{xi, . . . ,Xn}, we obtain Gn/G'n — Fn/il{Fn)Fl^ is an abelian relatively free group freely 
generated by the set {xiG'^, . . . , XnG'^}. Thus Gn/G'^ is either free abelian with basis 
{xiG'n, . . . , XnG'^} and so, Fn/^{Fn)F!^ has exponent zero, that is, -C(Fn) ^ F^ and G„ 
satisfies commutator laws, or it is the abelian group of exponent m every element of whose 
basis {xiG^, . . . has order m for some m > 0. If Fn/il{Fn)F^ has exponent m then 

x*" € £. Since is torsion-free, we obtain Gn/G'^ is a free abelian of rank n with basis 
{xiG^, . . . , XnG'^}. Thus r2(G„) = G^. Our next result is about relative freeness of Lx{Gn)- 

Theorem 5 The Lie algebra Cn is isomorphic to Lx(G„) via a Lie algebra isomorphism 
sending ti to XiG'^, i = 1, . . . ,n. In particular, LxiGn) is relatively free Lie algebra; freely 
generated by the set {xiG'^, . . . , x„Gj^}. 

Proof. Let cr„ be the natural mapping from L„ onto £„ sending £i to ti, i = 1, ... ,n. By the 
proof of Theorem HI we obtain kercr^ is a fully invariant ideal of L„ . Let v G ker(T„ H 
for some m > 2, and write v as a linear combination of Lie commutators [^j^, . . . i.e. 
V = E"(n,...,im)[^n'--- >^im]- Thus cr„(t;) = E • • • > ^im] = 0- Therefore, for ah c, 

I]"{ji,...,jm)[*ii(c)> • • • )*jm(c)] =0 (as in proof of Theorem H]). That is, 

X]"(iiv..,im)[log2;ii,c,...,logXi„,c] =0 (15) 
in CK{Gn,c)- By the BCH formula, we obtain 

[logXii,c,. . . ,logXi„,c] = log(Xj,,c, . . ■,Xi^,c) +U, 

where u G CK{lm+i{Gn,c)) ■, and so, we have from (15) 

Using similar arguments as in the proof of Theorem [21 we obtain E "^(ii,...,*™,)!^*! 
Xi^^cG'nA = in LK{Gn,c) for all c. But CK{Gn,c) is naturally isomorphic to LK{Gn,c)- 
By Theorem A (I), >Cj^(G„,c) is a relatively free nilpotent Lie algebra and so is LK{Gn,c)- 
So, V is an identity in each LK{Gn,c)- Hence, v is an identity in the cartesian product 
LK{Gn,i) X LK{Gn,2) X ••• therefore, v is an identity in limL/^(G„^c). Since LK{Gn,c) — 
LK{Gn) /^c+i{LK{Gn))-, as Lie algebras, in a natural way, it is easily verified that the 
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hniLK{Gn,c) is isomorphic, as a Lie algebra, to lim Lk (Gn) / 7e+i {Lr (Cn) ) ■ Thus v is an iden- 
tity in limLi<-(G„)/7c+i(Lx(G'n))- Since LxiGn) is embedded into lim LK(G'„)/7c+i(Li^(Gn)) 
in a natural way, we have v is an identity in LxiGn)- Hence Lx^Gn) € 23. By Proposition 
13.41 and Lemma [3T2l LxiGn) is generated by the set {xiG^, . . . , Let 93 be the natural 

epimorphism from into Li^(G„) sending to XiG'^, i = l,...,n. We claim that (p is 
one-to-one. By Proposition 13. 5^ Cn/7c+i{J^n) is isomorphic as a Lie algebra to CK{Gn,c) via 
an isomorphism (/Jc+i for all c. Thus 

l^nhc^\{C.n) — ^K{Gn,c) 
— LK{Gn,c) 

^ LK{Gn)hc+l{LK{Gn)) 

for all c. Since £„ is residually nilpotent, i.e. nc>i7c+i(^n) = {0}, and for all c, Cn/^c+i{C.n) — 
LK{Gn) /lc+i{LK{Gn))i we obtain is isomorphic as a Lie algebra to LxiGn)- By Theo- 
rem HI we obtain the Lie algebra LxiGn) is relatively free. It is easily verified that the set 
{xiG'^, . . . ,XnG'^} freely generates LxiGn)- □ 

4 Proofs of Theorems A and B 
4.1 Proof of Theorem A 

(I) It follows from Proposition 13.21 and Theorem [3] that /3x(-Pn('2^c)) is relatively free in some 
variety of nilpotent Lie algebras, and CxiFni'^c)) — LxiFni'^c)) as Lie algebras in a natural 
way. Write G = F„(Tc), with n > 2, freely generated by the set {yi, ■ ■ ■ ,yn}- From the 
proof of Theorem 3, G/G' is free abelian group of rank n, and so, T2{G) = G' . Recall that 
= ®i<i<cLf\G), where Lf\G) = 7i(G)ri+i(G)/ri+i(G), i = 1, . . . , c. The additive 
group of L(^)(G) is free abelian, Lq{G) = Q^zL^^HG) and L^^\G) is a subset of Lq{G). By 
Lemma 3.2, L^^\G) is generated as a Lie ring by the set {yiG', . . . , ynG'}. We give on Lq{G) 
the structure of a group by means of BCH formula, denoted by R. (Notice that R = Lq(G) 
as sets.) By Lemma 3.3, {yiG' + Lq(G)', . . . , ynG' + Lq(G)'} is a Q-basis for Lq(G)/Lq(G)'. 
Let H be the subgroup of R generated by the set {yiG' , . . . , ynG'}. (Notice that the identity 
element of H is the zero element in Lq{G).) By Lemma 2.1, H \s a. torsion-free finitely 
generated nilpotent group of class c and T2{H) = H' . 
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Next we shall show that there is a group isomorphism 

^dH)h^+liH) = 7.(L(^)(G))/7.+i(L(^)(G)) (16) 

for all i, with i = 1, . . . ,c. (For the proof of the aforementioned isomorphism, we use some ar- 
guments given in |19j.) First we shall show that jc{H) = Jc{L^^\G)). Every element of jc{H) 
can be written as a product of group commutators (in the sense of the operation o) of length 
c in the yiG' , . . . , ynG' . By the BCH formula, we may deduce that every group commutator 
of length c in the yiC , . . . lies in Le,Q(G) (= Q m 7c(G')). Since Jc+i{L^^HG)) = {0}, 

the multiplication of group commutators of length cin H is equal to their addition in the ring 
L(^)(G). Hence it follows that jc{H) C 7c(L(^)(G)). Conversely, if n = u{yiG' , . . . ,ynG') 
is a Lie commutator of length c in the yiG' , . . . ,ynG' then (since 7c+i (L(^)(G)) = {0}) it 
is equal to the group commutator in the yiG' , . . . ,ynG' obtained from u by replacing the 
operation on ring multiplication by the operation of commutation in the group H. Since 
every element of 7c(L(^)(G)) is a linear combination with integer coefficients of Lie commu- 
tators of length c in the yiG' , . . . , ynG', we have the inverse inclusion 7c(L(^)(G)) C Jc{H). 
Therefore, we get -fc{H) = 7c(L(^)(G)) = 7c(G). Write G^^-^) = G/tc{G). Thus G^^-i) is 
a relatively free nilpotent torsion- free group of rank n and class c — 1. It is easy to verify 
that ri+i(G(^-i)) = ri+i(G)/ri(G) for i = 1, . . . , c - L Since (G(^-i))' = G'/tc{G), we get 
(7(c-i)y'(|(^(c-i)y ig a free abelian group of rank n. Moreover G^^~^^ is generated by the set 
{yi, . . . ,y„}, where = y^G), i = 1, . . . ,n and T2(G(^-i)) = G7re(G) = (G^^-^))'. Further 
^(5)((^(c-i)) is frgg abelian, Lq{G^^-^^) = Q ®z L^^HG^^-^^) , and L^^^G^'^-'^^) is regarded 
as a subset of Liq(G^'^^^^). By Lemma 3.2, L^^\G^^^^^) is generated as a Lie ring by the set 
{yi(G(^-i))', . . . ,y„(G(^-i))'}. It is easy to check that {yi(G(^-i')', . . . , y„(G(^-i))'} is a Z- 
basis for G(^-i)/(G(^-i))' and so, by Lemma 3.3, {yi(G('=-i))' + LQ(G(^-i))', . . . , y„(G(^~i))' + 
Lq(G(=-i))'} is a Q-basis for Lq(G('=-i))/Lq(G(^-i))'. As before, we give on Lq(G('=-i)) the 
structure of a group by means of the BCH formula, denoted by Let H^"-'^^ be the 

subgroup of generated by the set {yi(G(^-i))', . . . , y„(G(^-i))'}. By Lemma 2.1, 

is a torsion-free finitely generated nilpotent group and T2(-H'("-^)) = {H^"-^^)'. Using simi- 
lar arguments as before, 7c_i(F(^-^)) = 7c_i(L('^)(G('=-i)). In the next few lines, we write 
bi = yiG' and b\'^ = yi{G^'^^'^^)' , i = l,...,n. As the group operation o can be ex- 
pressed in terms of the Lie algebra operation, the natural Lie algebra epimorphism from 
Liq(G) onto Lq{G^'^~^^) induces a group epimorphism an from H onto H^^~^^ such that 
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OiHiViG') = aiiyiG') = IjiiG^'^^^^y , i = l,...,n. We claim that the kernel of an, kera//, 
is equal to ^c{H). Since ^c{H) = ■^c{L'^^\G)) = ^c{G) and 7c(G) C kera_H-, it is enough to 
show that keraj^ C jc{G). Let v € keran and let be the smallest natural integer such that 
vej^{H)\-f^+i{H). Write 

v = {ll{h,,...,b,^rn,-.^y)v'ih,...,bn), 

finite 

where a(j^^, £ Z and v'{bi, . . . , 6„) G j^+i{H). Since ?; S kero//, we obtain 

finite 

By the BCH formula, 

Since Lq(G(^-i)) = ei<,<,_i(Q ® if and, for t = 1, . . . , c - 1, 7t(LQ(G(^-i)) = 

(Bi>tiQ Lf )(G(^-i))), we have 

^a(,,...,^)[6t^),...,6j;-^)] = 

and so, 

where kera/, denotes the kernel of az,. Suppose that fJ- ^ c. Since kera^ = Q lc{G) and 
Lq{G) is graded, we obtain 

E"(ii.-,v)[^^i'---'^'M] = (ill -^'q(G'))- 

Thus 

finite 

Recall from the proof of Theorem [3] that ij is the Lie algebra isomorphism from Ciq{G) into 
Lq{G) satisfying the conditions r](logyi) = yiG' for z = 1, . . . , n. Let be the mapping 
from the group expjC(g)(G) to the group R defined by .^^(expn) = rj{u) for all u G Cq{G). 
Since is a Lie algebra homomorphism and the group operation o is expressed in terms of 
Lie commutators, we have ^,,((exp u)(exp v)) = r/(n) o ri{v) for all u,v G £q(G). It is easily 
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verified that is a group isomorphism. But CriiUi) = ??(log = 6j for i = 1, . . . , n. Therefore 
S,r,iG) = H and so, for t = 1, . . . , c, ^^(74+1 (G)) = 7j+i(i7). Hence 

finite 

which is a contradiction. Therefore, /i = c and t> E lc{H) = ^c{G)- Hence kera// C ^c{G) 
and kera// = ^c{G) = jc{H). Thus 

7c-i(i^(=-i)) ^ ^^_^^H)/^,{H) - 7c-i(L(^)(G))/7c(L(^)(G)). 

Eventuahy we see that the isomorphism (16) holds for every i < c. Since 

7.(L(^)(G))/7.+i(L(^)(G)) - 7^(G)t,+i(G)M+i(G) 

for i = 1, . . . , c, we obtain from (16) that H is Magnus. Since G = H hy means of we have 
the required result. 

(II) Since H = F„^c/kerr and kerr is fully invariant (by Proposition 13.31 (iii)), we 
obtain H is relatively free of finite rank. Furthermore, since H is torsion-free nilpotent, we 
obtain from (I) that H is Magnus. By Lemma 13.101 we obtain >CQ(kerT) C £(g)(F„ c)'- By 
LemmaOand (I), L ^ Cq{H) ^ Lq{H) as Lie algebras. □ 

Remark 4.1 Let L be a relatively free nilpotent Lie algebra over Q of finite rank n, with 
n >2. Let {hi, . . . , be a free generating set of L. Then {hi + L', . . . ,hn + L'} is a Q-basis 
for L. Let yi, . . . , y„ be elements of L such that the set {yi + L', . • • , l/n + L'} is a Q-basis of 
L. For each j, with j = 1, . . . , n, 

n 
i=l 

where Vi € L', i = 1, . . . ,n, and a^j € Q. It is easily verified that L is generated by the 
set {ui, . . . ,yn}- Let ip be the map from L into L satisfying the conditions ip{hj) = yj, j = 
1, . . . , re. Since L is relatively free on {hi, . . . , and L is generated by the set {yi, ...,?/„}) 
(f extends uniquely to a Lie algebra epimorphism of L. Since ip induces a group automorphism 
on L/L' and L is nilpotent, it is easily checked that ip is an automorphism of L. Thus the set 
{yi, . . . , yn} is a free generating set of L. Consider L as a group, denoted R, by means of the 
BCH formula. Let Hi and H2 be the subgroups of R generated by the sets {hi, . . . , and 
{yi, . . . ,yn}, respectively. By the proof of Theorem A (II) and since both Hi and H2 have 
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rank n, we get Hi = H2- Hence for a relatively free nilpotent Lie algebra of finite rank n 
over Q, we associate (via BCH formula) a unique (up to isomorphism) relatively free Magnus 
nilpotent group of rank n. 

Proof of Corollary Let G be a torsion-free finitely generated nilpotent 

group of class c, and let K he a field of characteristic zero. By Lemma 13. 7^ we obtain 
graS^^CxiG)) = Lk{G) as Lie algebras in a natural way. Write Rk{G) = ex.p Ck{G), and 
give on Ck{G) the structure of a group by means of the BCH formula. Then (£i^(G),o) is 
isomorphic to Rk{G) by a group isomorphism sending u to expn for all u G Ck{G). Thus 
exp7j(>Cii:(G)) = jt{RK{G)) for t = 1, . . . , c. Form the direct sum of the abelian groups 

gvaS'^\RK{G)) = ®Ult{RK{G))ht+i{RK{G)) 

and give it the structure of a Lie algebra by defining a Lie multiplication 

[u^,+i{Rk{G)),v^j+i{Rk{G))] = {u,v)^i+j+i{RK{G)) 

for u E ^i{RK{G)), V S jj{RK{G)), i,j € {l,...,c}. Extend this multiplication to 
graS^\RK{G)) by linearity. Similarly, we form the direct sum of the abelian groups 

grad(5)(/:i^(G)) = (BUM^KiG))ht+iiCKiG)) 

and give it the structure of a Lie algebra. Since {Ck{G), o) = Rx(G) as groups, we have 

giaS^\RK{G)) ^ gmS^\CKiG)) 

as Lie algebras in a natural way. Let {oi, . . . , aj^^^j^)} be a canonical basis for G. Then the set 
{logoi, . . . ,logaj(c^i)} is a i^-basis of Ck{G). By Lemma [331 and the proof of Lemma [3^ 
'-ft{C-K{G))ht+i{C-t+i{G)) has a K-basis the set {loga/(c+i) + 7t+i(/:K(G)), . . . ,loga/(c+i) + 
■^t+i{C-K{G))}. Using the BCH formula, 

(Ai logaj(t)+i + • • • + A„, logaj(j+i)) + -it+i{CK{G)) = 

(Ailoga/(t)+i o • • • o A„t \ogaf(t+i)) ° lt+i{CK{G)) 

(as sets). Therefore every element of {Ck{G),o) is written uniquely as Ailogai o ••• o 
A/(c+i) loga/(c+i), where Ai, . . . , \f{c+i) G K. Hence 

grades) ^Ck{G)) = gTaS'\CK{G)) 
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as Lie algebras. Since {Ck{G)), o) = Rx{G), we have every element of Rk{G) is written 
uniquely as exp(Ai log ai) • • • exp(Aj(c+i) log aj(c+i)) with Ai, . . . , Ay(c+i) E K and so, 

grad(s)(flA'(G)) - gradW(/:;,(G)) 

as Lie algebras in a natural way. Since grad*-^-*(£/^(G)) = Lk{G) (as Lie algebras), we have 
grad^^^(i?A'(G')) = Lk{G) as Lie algebras in a natural way. 

(II) Suppose that G is relatively free. By Theorem[3l we obtain Ck{G) = Lk{G) 
as Lie algebras and so, by (I), Ck{G) = graS^\exp Ck{G)). 

Remark 4.2 It is easy to verify that 

K ®Q grad(f ) (exp CqiG)) ^ grades) (exp (G) ) . 

as Lie algebras, where is a field of characteristic zero. For K = M., exp C^{G) is a real simply 
connected Lie group whose rational Lie algebra is Cq{G). Moreover, if {ai, . . . ,0^(^+1)} is ^ 
canonical basis of G, then every element of expC^{G) is written uniquely as 

exp(Ai logai) • • ■ exp(Aj(c+i) log a/(c+i)) 

with Ai, . . . , Aj(c+i) £ I^- Next, we recall a standard procedure of a construction of a Lie 
group from a finite-dimensional nilpotent Lie algebra L over Q. Let bi, . . . ,bn (z L such that 
the set {61 + L', . . . ,bn + L'} is a Q-basis of L/L'. Give on L the structure of a group via the 
BCH formula. Let H be the subgroup of {L, o) generated by the set {61, . . . , Then (L, o) 
is a Mal'cev completion of H, and (M^q L, o) is a real simply connected Lie group containing 
-ff as a discrete subgroup with rational Lie algebra L. 

Proof of Corollary \ l.Si Let Gi,G2 be torsion- free finitely generated nilpotent 
groups which are quasi- isometric. By Remark 4.2, exp C^{Gj), with j = 1,2 is a real simply 
connected Lie group whose rational Lie algebra is CQ{Gj). It follows from a result of Pansu 
\17\ Theorem 3] that 

grad(^)(exp/:M(Gi)) ^ grad(^)(exp ^^(Ga)) 

as Lie algebras. Suppose that Gj (j = 1,2) is a relatively free group of finite rank. By 
Theorem A (I), Gj is a Magnus group, with j = 1,2. By Proposition 13.21 and Theorem [3l 
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^R{Gj) is relatively free and CM.{Gj) = L^{Gj) as Lie algebras for j = 1,2. By Corollary 
II. H £k(G2) = Cm.{Gi) as Lie algebras. Hence both G2 and Gi have the same finite rank 
n and nilpotency class c, and 7i(G2)/7i+i(G2) = 7i(Gi)/7i+i(Gi), i = l,...,c. Let F„,c 
be the free nilpotent group of rank n and class c; freely generated by the set {xi, . . . ,Xn}- 
For j = 1,2, let {yij , ■ ■ ■ , Unj} be a free generating set for Gj. Furthermore, we write ttj 
for the natural group epimorphism from Fn.c onto Gj such that iTj{xi) = yij, i = 1, . . . ,n. 
Thus Gj = Fn^c/^^^T^j, with j = 1,2. By Lemma 13.41 and the proof of Theorem [3l the set 
{log yij, . . . ,log ynj} is a free generating set for CQ{Gj). We claim Cq{G2) = Cq{Gi) as Lie 
algebras. To get a contradiction we assume that Cq{G2) % Cq{Gi), and let w be a word 
(for Lie algebras over Q) such that w{logyii, . . . ,log2/„i) = and 7i;(logyi2, • • • ,logy„2) 7^ 0. 
Since CM.{Gj) = M CSq CQ{Gj), j = 1,2, and £k(Gi) = £k(G2) (as Lie algebras), we obtain 
w is an identity in Cm.{G2) which is a contradiction. Since both Cq{Gi) and £q(G2) are 
relatively free of finite rank n in the same variety, we get Cq{Gi) = Cq{G2)- Since, Gi and 
G2 are relatively free, in order to prove that Gi is isomorphic to G2, it is enough to show 
that kervTi C ker7r2. Let w G kervri C ^. By Lemma 13.91 (for M = Gi), the natural 
epimorphism tti gives rise a Lie algebra homomorphism V'tti from >C(q(F„^c) into Cq{Gi) such 
that ^p^r-^^{logu) = log7ri(n) for all u G kervri. Thus ^7ri(logw) = and so, log-u; G /^q (kervri). 
Thus 

logu; = 'ti;2 H \- Wc, 

where wt G £Q)(kervri) (1 Ct{Fn^c) (by Lemma [3. lip for t = 2, ...,c. By Proposition 13. H 
u;2, . . . , are identities in Cq{Gi). Since Cq{Gi) = Cq{G2), we have W2, . . . ,Wc are iden- 
tities for Cq{G2) as well. Therefore wt G >C(Q(kervr2) n £t(F„^c) for t = 2,...,c. Hence 
log-u; G >CQ(kervr2). Thus iliT^^ilogw) = and so, w G kervr2. Therefore, there exists a group 
epimorphism from Gi onto G2. Since 7i(Gi)/7j+i(Gi) = 7j(G2)/7i+i(G2), z = l,...,c, we 
obtain Gi ^ G2. □ 

4.2 Proof of Theorem B. 

(I) It has been proved in Theorems H] and [5l 

(II) Let L be a relatively free Lie algebra over Q of rank n, with n > 2. If 
L is nilpotent, then our claim follows from Theorem A (II). Thus we assume that L is 
not nilpotent. Let 53 be a variety of Lie algebras such that L is relatively free of rank n. 
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Therefore L = Ln/V{Ln), where L„ is the absolutely free Lie algebra freely generated by the 
set {£i,. . . ,£n}- Without loss of generality, we may write L = Ln/^{Ln)- Let yi = £i+9J(L„), 
i = 1, . . . ,n. Thus the set {yi, . . . , y„} is a free generating set of L. For a positive integer m, 
let be the subspace of L„ spanned by all Lie commutators of total degree m in ii, ... ,in. 
Since Q is infinite, L„ n *23(L„) = (Bm>i{L'n H 2J(L„)). Thus wc may write L as a sum of 
homogeneous components, L = ®m>iL"^, where L"^ = L^/(L^ n 2J(L„)) and L"* is the 
subspace of L spanned by all Lie commutators of total degree m in yi, . . . , Each element 
-u of L may be uniquely written in the form u = Ylm>i '^rn with Um & L'^ for all m and 
Um = for all but finitely many m. Furthermore, for c > 1, jc{L) = ®m>cL'^- We write 
L(c) = L/jc+i{L), and yi^c = Vi + Ic+iiL), i = l,...,n. Since L is relatively free, then 
L{c) is a relatively free nilpotent Lie algebra of rank n and class c with a free generating set 
{yi^ci ■ ■ ■ ,yn,c}- Notice that {yi,c + L{c)\ . . . ,yn,c + ^(c)'} is a basis of L{c) / L{c)' . Give on 
L(c) the structure of a group, denoted by i?c, by means of the BCH formula, and let Yc be 
the subgroup of Rc generated by the set {yi,c, ■ ■ ■ , yn,c\- By Theorem A (II), 1^ is a finitely 
generated Magnus nilpotent group of class c. By the BCH formula, 7c(L(c)) is spanned by all 
group commutators (j/ii,c) ■ ■ ■ > Uiccj with ii, . . . , £ {1, • • • , n\. For positive integers c and d, 
with c < d, let Pc,<i be the natural Lie algebra epimorphism from L{d) onto L(c) sending yi^d 
to yi^c toT i = 1, . . . ,n. As the group operation in Yc (for all c) can be expressed in terms of the 
Lie algebra operations, pc,d induces a group homomorphism, say pc,d, from Yd onto Yc such 
that pc^d sends yi^d to yi^c for i = 1, . . . ,n. It is clearly enough that Yd/^diYd) — Yd-i. Since 
7d(L(d)) is spanned by ah group commutators (yi^^d, ■■■ , yid,d), with ii,...,id G {1, • • • , n}, 
and keTp(^d-i),d = ld{L{d)), we obtain ^id^Xd) ^ kerp(<i_i)^rf. Since Yd/]^erp(^d-i),d - ^d-i and 
each Yd is torsion-free finitely generated nilpotent, we get the kernel of P(^d-i),d is equal to 
^d{Yd) for ah d>2. 

Let L = lim L(c) be the completion of L with respect to the lower central series, 
(lim L(c) may be identified with the complete (unrestricted) direct sum ©m>i-^"*, and it has 
a natural Lie algebra structure.) Moreover, L is naturally contained in L. Give on L the 
structure of a group, denoted by i?, via the BCH formula. That is, R = {L,o) = lim i?(c). 
Let H be the subgroup of R generated by the set {yi, . . . , yn}- Notice that, for z = 1, . . . , n, 

yi = {yi,i,yi,2,---), 
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and, for i,j G {1, . . . ,n}, 



Vi ° Vj = {yi,i ° yj,i, yi,2 o yj,2, ■■■)■ 



Moreover, H C nc>i ^c, and it is easy to verify that H = lim(yc) Pc,d)- 

Let Fn be a free group of rank n, with n > 2, freely generated by the set 
{/i) • • • )/n}- We write F„_c for the free nilpotent group of rank n and class c; freely gen- 
erated by the set {xi, . . . ,Xn}, with Xi = fi^c+i{Fn), i = l,...,n. Let ckc be the natural 
epimorphism from F^^c onto Y(. sending Xj to yi^c, i = ,n. Then F^^c/kerac — Yc via 
an isomorphism 5c induced by ckc, and keroc is a fully invariant subgroup of -Fn,c- Let tTc be 
the natural epimorphism from F„ onto Fn^c sending / to f^c+i{Fn) for all f e Fn, and let 
5c = OicT^c- Thus F„/ker(5c = 1^ by an isomorphism (5c induced by 5c- The group ker(5c is a 
fully invariant subgroup of Fn since 1^ is a relatively free group. So we have 




Yc^Y, 

Denote hi^c = /iker^c with i = 1, . . . , n. Notice that 5c{hi^c) = <^c(/i) = J/«,c for i = 1, . . . , n. 
Let c < d, and let w{fi, ...,fn) e ker(5d. Then 5d{w{fi, fn)) = w{yi^d, yn,d) = ^Y^- 
Since pc,d is a group homomorphism, we have w{y\^c-i ■ ■ ■ , yn,c) = lye ker(5(i C ker(5c. 

Set V'cd = (4)"Vc,A- 



F„/ker(5<i 



V'cd 



F„/ker(5c 



Yh 



Pc,d 



Yr 



It is clearly enough that ^c,d(a^ker5d) = xker(5c for all x G -F„. In particular, 
i^c,d{hi,d) = Kc for i = 1, . . . , n. 

For the rest of the proof, we identify Yc with Fn/keiSc under the group iso- 
morphism 5c- In the light of this identification, yi^c = ^i,c and yi = (/ii,c5 ^2,c, • • •) with 
i = 1, . . . ,n. Moreover H = lim(F„/ker(5c, V'c.d)- Throughout the proof we use both Yc and 
F„_c/ker(5c without making any distinction. We claim that H is a relatively free residually 
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torsion-free nilpotent group of rank n. First we shall show that H is relatively free of rank 
n. Let i?n be the natural homomorphism from F„ into H sending w = w{fi, . . . , fn) to 
{wkeiSi, wkcrS2, . . .)• Since H is generated by the set {yi, ...,?/„}, we have F„/(nker(5c) = H 
by the isomorphism t?„ induced by Set M = Piker 5c . Since M is a fully invariant subgroup 
of Fn, we obtain H is relatively free of rank n. 

Let u = u{yi, . . . , y„) G H. Since H is generated by the set {yi, . . . , is 
written as u = y"'^ ■ ■ ■ y^^ with ai, . . . , £ Z and . . . , G {1, . . . , n}. Then 

n = u{yi, ...,yn) = • • • , hn,i), • • • , «(/ii,c, • • • , Vc)) • • •)• 

Notice that u{hi^c, ■■■ , K^c) G Yc for all c and, for c < d, V'c,d('"(/ii,ci, • • • , /in,d)) = ""(/ii.c, • • • , K^c 
Suppose that yl^-'-y'^ £ H' for some ai,...,a„ € Z. Then • ' ' "i ^ -^i- Since 
11/1"/ is free abelian, we obtain H/H' is a free abelian group of rank n. Suppose that 
-is{H) = js+iiH) for some s. Then {yij_, ■ ■ ■ ,yi,) G 7s+i(-ff) for aU G {!,... ,n}. 

Then (/ij^^s, . . . , hi^^g) = ly, for all zi, . . . , G {1, . . . , n}. Since is freely generated by the 
set {/ti,s, . . . , hn,s}, we obtain Yg has nilpotency class s — 1 which is a contradiction. Therefore 
js{H) 7^ 7s+i(iJ) for all s and so, there are no repetitions of terms of the lower central series 
of H. 

Our next step is to prove that H is residually torsion-free nilpotent. For a positive 
integer c, let ("c be the natural epimorphism from Fn/M onto Yc- (That is, (^ciwM) = wkerdc 
for all w G For c < d, it is easily verified that ipc,dCdifM) = (dfM) for all / G Fn- 

Write Cc = Cc(^n)"^- Thus CdVi) = he for i = 1, . . . ,n. Let = H/jc+i{H). The 
group Nc has nilpotency class c since 7s (-H^) 7^ 7s+i(-f^) for all s. Let (3c be the natural 
epimorphism from Fn^c onto AT^, such that Pd^i) = y^, where yj = yijc+i{H) i = 1, . . . ,n. 
Since Fn^c/Fn,c — Yc/Yc — ^c/^c^ we obtain both kerac and ker/3c are subgroups of F^^^. 

F "° , V 



We claim that ker/3c C kerac- Let v = v{x-i, . . . G kerPc- Then /3c(^^) = ■ ■ • ,yn) — 
or, equivalently, v{yi,...,yn) G 7c+i(ii'). Thus v{hi^q, . . . , hn,q) G 7c+i(5^9) for all q. 
Hence v(hi^c, ■ ■ ■ , hn,c) = ^Yc and so, v = v{xi, . . . ,Xn) G keroc- Therefore ker/3c Q kerac- 
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Let 7c be the natural epimorphism from F„^c/ker/3c onto Fn,c/kerac- Moreover, we write 
Cc = ctcJcPc^^ where 5c and /3c are the isomorphisms induced by Qc and Pc respectively. 

F„,c/ker/3c N, 
F„,c/kerac — Yc 

It is easily verified that (,c{v{yi, yn)lc+i{H)) = w(yi,c, • • • , yn,c) for v{yi, ...,yn) £ H. Let 
^ = u{yi, . . . , y„) G Tc+i (-?/). Then there exists m E N and v G 7c+i(i?) such that = 
By applying ^c, we have 

ly. = ec(n'"7c+i(^)) 
= ec(n7c+i(^))™ 

= u{yi^c,---,yn,c)"'- 

Since Fc is torsion-free, we get u{yi^c, ■ ■ ■ , yn,c) = and so, u^c+i{H) € ker^c- Since t{Nc) = 
Tc+i{H)/^c+i{H), we obtain t(A'c) ^ ker^c- Let w = w{yi,...,yn) G nc>iTc+i(-H'). Then 
w G rc+i(//) for all c and so, ■w{yi^c, ■ ■ ■ ,yn,c) = ly^ for all c. Hence w is a law in nc>i ^c- 
Since < nc>i^c, we have w is a law in H and so, w = 1h- Therefore is a residually 
torsion- free nilpotent group. 

Finally we show the last part of Theorem B (II). By Theorem A (II), we have 
L{c) = Cq{Yc) for all c via an isomorphism Ac, say, sending y^^c to log /ij^c for i = 1, . . . , n. 
As in the proof of Lemma 13.121 there exists a Lie algebra epimorphism ^ , with c < d, 
from CQ{Yd) onto Cq{Yc) such that ^(log(/ker(5d)) = log(/ker5c) for all / G F„. Form the 
inverse limit of the family {/1q{Yc) , S,tp^ ^) , lim £Q(yc), and define a mapping 

A : L ^ lim CojYc), 

as follows: 

A(ui + L', {ui + U2) + 73{L), ...) = (Ai(ni + L'), A2((ui + U2) + 73(^)), ■■■), 

where Ui G 'yi{L) for all i. It is easily verified that A is a Lie algebra monomorphism. Let 
V = {vi,V2,...) G lim>CQ(yc)- Thus C^^^{Xd{ud)) = Vc for some Ud G L(d). We claim that 
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Pc,d 



{ui,U2, ...) e L. Since i^p^^^Xd = KPc4 

L{d) . L(c) 

A(j Ac 

for all c < d and Ac is 1 — 1, we obtain Pc,d{ud) = Uc- Hence the Lie algebra monomorphism 
A is onto and so, A is a Lie algebra isomorphism. 
For i, z = 1, . . . , n, let 

t- = (log/ij,i,log/ii,2, • • . ,log/ii,c, • • •) e ^im Cq{Yc), 

and let Aq{H) be the Lie subalgebra of lim{CQ{Yc) , ^) generated by the set 
{t'l, . . . , t'^}. Since L is residually nilpotent, L is embedded into L via a Lie algebra monomor- 
phism A', say, sending yi to {yi + L',yi + 73 . . .) for i = 1, . . . , n. Since A is a Lie algebra 
isomorphism, we obtain L is isomorphic to Aq{H) via AA'. Let L„ be the free Lie algebra 
freely generated by the set {£1, . . . ,in}- By the proof of Theorem d] (for G„ = H), we have 
C{H) = Ln/keian- Furthermore, by applying the proof of Theorem |4] for Cq{Yc) (for all 
c), we obtain Aiq{H) = L^/keru^. To prove that Aq{H) is a homomorphic image of C{H), 
it is enough to show that ker(T„ C keru^j. Since H/tc+i{H) is mapped onto via an epi- 
morphism induced by we have Cq{H / Tc+i{H)) is mapped onto Cq{Yc) via a Lie algebra 
epimorphism sending \og{yiTc+i{H)) to log /ij^c for all i. Let v = v{ii, . . . ,in) £ ker(T„. Then 
z;(log(yirc+i(-?/)), . . . , log(y„rc+i(-?/))) = for all c (see the proof of Theorem H]). Hence 
v{loghi^c, ■ ■ ■ )log/in,c) = for all c and so, v = v{£i, . . . ,in) € kercr^ (by similar arguments 
as in the proof of Theorem H]). Therefore Aq(H) is a homomorphic image of C{H). □ 



5 An Example 

We shall give an example of a finitely generated Magnus nilpotent group G, not relatively 
free, such that Cq{G) is not isomorphic to Lq{G) as Lie algebra. We modify (and analyze) 
an example of a finitely generated nilpotent Lie algebra given in [21 page 210]. Let C4 be a 
free Lie algebra of rank 4; freely generated by the set {£1, . . . ,^4}. Let L4^3 = >C4/74(£4) and 
let Xi = £i + 74(^4), i = 1, . . . , 4. Thus L4^3 is a free nilpotent Lie algebra of rank 4 and class 
3 with a free generating set {xi, . . . , X4}. Set v = [xi, X2] + [xs , rE4 , 2:3] , and write L = L^^^/I, 
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where / is the ideal of L4^3 generated by v. It is easily verified that every element of I has 
the form 

4 

a{[xi,X2] + [X3,X4,X3]) + y^^ai[xi,X2,Xi], 

i=l 

where a, G Q, z = 1, . . . , 4. For i = 1, . . . , 4, let = + /. Then [2/1,^2] = -[^3, Vi, Vs] e 
73(L) and [yi,y2,yi] = with i = 1, ... ,4. Since / is a proper subset of L'^^, we obtain L 
is not abelian, and the set {yi + L';i = 1, ... ,4} is a Q-basis of L/L'. Since L is finitely 
generated nilpotent Lie algebra and dim(L/L') = 4, we obtain L is generated by the set 
{j/i) • • • )y4}- Suppose that L is relatively free. Since dim(L/L') = 4 and L is nilpotent, it is 
easily verified that the set {yi, . . . , y^} freely generates L. Then [yi, 7/2] = [2/3, 2/4, 2/3] = and 
so, [3;i,X2] € / which is not valid. Thus L is not relatively free. 

Give on L the structure of a group, denoted R, by means of the BCH formula. 
That is, for x,y G L, 

xoy = x + y + ^[x,y] + ^[x,y,y] - ^[x,y,x]. (17) 

Recall that is the unit of R and —x is the inverse of x with respect to the group operation 
o. Let H be the subgroup of R generated by the set {yi;i = 1, . . . , 4}. For u,v G H, 

(n, v) = [u, v] + ^[u,v,u] + ^[u,v,v]. (18) 

Thus 

(yi,y2) = (2/3,^4,2/3)"^- 

By Lemma I2.H T2{H) = H' , and so, H/H' is free abelian of rank 4. By (17), for a G Z and 
u,v G H, {u,v)°' = a{u,v). By (18), we obtain 

ct <y 

(u,v)" = a[u,v] + -[u,v,v] + -[u,v,u\. (19) 

Suppose that 

2 3 

Yl{y3,yirll{y4,yjf^ (^13{H), 
i=i j=i 

where ai,Pj G Z, i = 1,2 and j = 1,2,3. Since 'jsiH) is generated by the elements of the 
form (yi, yj, y^) with i, j, k G {1, . . . , 4}, we obtain from (19) and the form of elements of I 
that 

2 3 

a[xi,X2] + ^ai[x3,Xj] + ^/3i[x4,Xj] G 73(L4,4), 
i=l j=i 
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for a G Q. Since L^^^ is a free nilpotent Lie algebra, we have = (i = 1,2) and Pj = 
{j = 1,2,3). Therefore H'/js{H) is torsion-free. Finally, it is easily shown that J3{H) is 
torsion-free. Thus H is a Magnus group. Suppose to a contrary that H is relatively free. 
Then, by Theorem A (I), Cq{H) is relatively free. Since both R and expCQ{H) are Mal'cev 
completions of H, we obtain R = ex.pC{H) as groups and so, L = Cq{H) as Lie algebras. 
That is, L is relatively free which a contradiction, and so, H is not relatively free. Suppose 
that there exists a Lie algebra isomorphism from Lq{H) into L. By Lemma |3.2| Lq{H) is 
generated by the set {yiH', . . . , y^H'}. Write C{yiH') = Zj, i = 1, . . . , 4. Since 

[yiH',y2H'] = (yi,y2)73(^) = in Lq{H), 

we have [zi, Z2] = in L. For i = 1,2, 

4 

= ^ Ojiyj + ^ f^KeibjK, ye] + Vi, 

1<^<K<4 

where Vi £ 'ysiL). Since {zi + V , Z2 + L'} is linearly independent, we obtain a^ia;/2 — ai/i«/i2 7^ 
for some /u, z/ G {1, . . . , 4} with /i 7^ z^. Since [yi, 2/2] + [vs, Va-, Vz] = 0, and working with a 
basis of L consisting of " basic commutators" , we obtain the following equations 

011022 - "12021 = -032/5431 + 031/3432 

011O32 - 012O31 = 

011O42 — 012041 = 

021O32 — 022O31 = 

021042 — 022041 = 

031042 — 032041 = 

041/3432 — 042/3431 = 

Thus 011022 — 012O21 / 0. Therefore 011022 7^ or 012O21 7^ 0. Suppose that 011O22 7^ 
0. If 012O31 7^ then 011O32 7^ and so = Furthermore ^ = Hence 

011O22 — 012O21 = which is a contradiction. If 012O31 = then 012 = or 031 = 0. Since 
Oil 7^ we get 032 = 0. Then 022O31 = and so 013 = 032 = which is a contradiction. 
Similar arguments may be applied if 012021 7^ 0. Therefore we obtain L is not isomorphic to 
Lq{H) as Lie algebras. 
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